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flx)= sin() =f'(x)= cos()(2 +x)-2x+1)=02x +1)- cos()(2 +X).

6(x)=F(x)+3=6'(x)=F'(x)=(2x +1) - cos(x? + x) = g(x). -

f(x)=6x- ()(2 +1)5 is van de vorm y = f(v) -v' met f(uv) = 3u° en v'=2x, maar A(x)=6x-(x3+ 1)5 is dat niet.
10x3 ' 23 ' 3 1043 . :
X)= is van de vorm y = g(v)-uv' met g(v) = en v'=4x°, maar k(x) = is dat niet.
_9( ) Vx*+7 4 g( ) _9( ) Nu ) Nt x

Het primitiveren van /(x) = 10’(4“7 lukt als 10x3 +a=c-(4x3+1)=10=4céna=c=c= 21 ena=c=a= 21.
X +X

F(x)dx =[x —1]dx = J4x —1]d([4x - =% (4x- 12 d((4x —1)) = d(% %-(4)(—1)1%).
Dus F(x)=1-2.(4x -1 +c=L(ax-1)-VAxT+c.
% - F(ax + b)+ ¢ zijn de primitieven van 7(ax + b) heeft de voorkeur.

FO)=NAx 1= (@x—1)* = Fx)=1 L (4x -0 +c=L4x-1) VAx1+c.
2

Fx)dx =2x(x?+ 4)P dx = (x% + 4)P d(x? + A = d(L(x? + 4)%). Dus Flx)=L(x? + 4% +c.

—_— 1
g(x)dx =6x- dX:3~2X~ dX=3~\/‘X2 +1‘d(‘x2 +1‘):3~‘x2 +1‘2 d(‘)(2 +1‘):d (3~111(x2 +1)IéJ.
2

Dus 5(X)—2(X2+1)1%+C—2(X2+1) Vx%+l+c.
A dx = 6x2 - (3 —t)* dx =2 (X3 —1h)*d(x3 1) = d(2-Lx3-1)°). Dus H(x)=2(x* -1 +c.

J(x)dx =3x% - sin(x® ~1)dx = sinx3 1) d(x ~1}) = d (~cos(x3 ~1)). Dus J(x) = ~cos(x® -1 +c.

F)=Bx=4)’ = Fx)=1-1@x-0*+c=LBx-9*+c.
f(x)=(2x—3)-\/2x——=(m)2:>F(x =1 Lex-3% sc=L@x-37 VZx3+c

)=1 2
flx )—\/[_] 4-2\/[11_—X]:F(X)=%~4~ﬂ+¢=—4-ﬂ+c.

f(x)dx—dx— %-d():d(— %~ln(‘2—3x2‘)). Dus F(x) = - %~ln‘2—3x2‘+c.

FO)=In(4x +1) = F(x) =% ((4x+1)-In(4x + ) —(4x + 1) +c =% (4x +1) In(4x + ) - % - (4x+ D +c.

F(x)dx = x-In(x? + 1y dx = L -Inx? + 1 d(x% + 1) =d(3- (2 +1):In(x? +1) - (x? +1))).

Dus F(x) = ((x +1)-In(x2 +1) - (x2 +1))+c

F(x)dx mdx [InG)]- L dx = [InC)]d (In()]) =d (4 (in(x))? ). Dus Fx) =4 -InP(x) +c.
g(x)dx:x.emd)(:—%.ed(—x ): (l ) Dus 6(x)=—4-e* +c.

2
A(x)dx = x- dx:_;.(|5_x2|)zd(|5-x2|):d(-; 15— 3y ] Dus A(x)=-1-5-x2)V5-x% +c.
JO)dx = dx:l.JXi+ dlx? + )— — dlx? + 1\)=d(«/x2+ 1). Dus J(x)=x? + 1+c.

sin(x)
cos(x)

£(x) =In(cos(x))) = F'(x) = -sin(x) = - = —tan(x).

cos(x)
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tan(2x|)dx = % -tan((2x])d([2x]) (zie vraag 7) = % - d(-In|cos(2x)|) = d (—%In\cos(ZX)\).

ix

6 1
| tan(@x)dx =[-1In|cos(2x) ] g” = -1 -In|cos(} 7))+ 1 In[cos(0) =3 In(2) +In(t) = -1 -In@) + 0 = 1 - In(2).
0

sin3(x)dx smz(x) sin(x)dx

= (1-(ecosCx)?) - d(-cos(x)]) = ((cos(x]? - 1) d([cos(x)]) = d (L (cos(x))® - cos(x)).

1

57[

[ sin®(x)dx = [3 cos3(x) - cos(x)} =1 cos3(d7)-cos(} 1)~ (1 cos® (4 7) - (cos({ 7))

1 4

a7
_1 (13 1 (1. ¢1 5\3_1 1.1 1 1.1 1 5 _ 1_1 1 ,__11.5
=3P -3-(3 GV’ - 32) =5 h- 3 a2 V= - HV2 e V=i V2.

sin?(x)- cos(x)dx = [sin(x)| )2 d(sinC)) = d(4sin(x))?).

171'

jsmz(x) cos(x)dx =|§- sm3(X)T Lsindm)-1sindm=113-1.4P¥=1-1.1_1_L_7

o e

sin(2x) - cos(x)dx = 2sin(x)- cos(x) - cos(x)dx = — -(\cos(x)\)2 dlcos(x)| = d(-Zcos(x)3).

lﬂ'

jsm(z)() cos(x)dx = [—gcos3(x)] ~2cos3(Lm)+2cos3(0)=-2- (13 +2.18=-2.1.3y3+2-2 13,
1 1 1

cj) 3j+1dx=£4~2 31 1dx=[%~4~M] =4.Ja-4V1=%42-21=-1

- :%d(ﬂ) d(L -In(x? +1)):jJ_ “[3 02 +1)]] =1 + D~} n) =1 @),

sl et dx =1Lt ot =1 (2P 1y dlx? 1) - d[z 4 (x2+1)15J=d[§.(x2+1)1§j.

22
jx- X2+1dX=[%~(X2+1)-\/X2+1:| Z%'(8+1)'\/8+ —%~(O+1)-x/0+ :%9-3—%-1-1:9—%:8
0

0
S

4 - 4
—XdX=Ze -ﬁd)(:Zed():d(Ze*/;): !jﬁ;d,\/:[Ze&L —2eV* _2e1 =22 e,

x-In(x? +dx =3I+ hd(x2 + 1) =d(L (2 +1)-In(x? +1) - (¥2 +1) ).

2
{X-ln(xz+1)dX:[%~((X2+1)~In(X2+1)—(X2+1))}f =1.(5-In(5)-5)-1-(2 In@)-2) =21 In(5) - In(2) -1L.

w(rny

100 de = ())& e = (G I = 4 0m))).

) g = [Lndn) . ? 1@~ L) - %In3(2).

—_— N

1 d([In(x)]) = (ln\M\) xln(x) x =[InIn(x)[] 2 —ln\ln(ez)\ In[In(e)] = In(2) - In(2) = In(2).

n(x

R e d(M):d(—é-e*”).

e
1 1

X x|l 2% __1 ,2__1 ,0__
J3dx—[6e 0—62 ¢ € =
0

X
5
3‘,

X
w

1 1 1 22 -1
+ = (eventueel nog) = ——5 + =5 = .
6e? 6 ( %) 6e?  6e?  6e?

1.1 ,1_
6 2276

cos(2x) - cos(x)dx = [1 -2 (\sin(x)\)zj d(sin(x)]) = d(sin(x) - Zsin(x)®) = F(x) = sin(x) - Zsin3(x) + c.
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10b sin5(x)dx = sin4(x) -sin(x)dx = —(sin‘?()())2 d() = —(1 - cos‘;"()())2 d() = —(1 - (\cos(x)\)zjz d(\cos(x)\)
_ _(1 ~2([cos()])” + (]cos(x)\)4j d([cos(x))) = [—1 +2([cos(0)))” - (\cos(x)\)4j d([cos(x))

:d(—cos(x)+ (cos(x)) —f(cos(x)) ) Dus 6(x)-—cos(x)+ cos3(x) cos5(x)+c

5

11a 2+ dx = (2+)~% dx = (2+) d() = d(2ln(x)+%(ln(x))2).

e
F(X)=0 (teller = 0) = 2 +In(x) =0 = In(x) =2 = x =2 =L Nuis O¥) = [ 2 dx = [2In(x) + 2in?(x) |,
e? €

Dus O(V) :2|n(e1)+%In2(el)—(2ln(e_2)+%ln2(e_2)) =21+1.12 _(2._2+%.(_2)2) =2+1+4-2=41

p
b ow)= [ dx = [ 2In(x) + %Inz(x)}f = 2In(p) + 1 In?(p) - (2In(1) + 1In?(1)) = 2In(p) + L In?(p)
1

OW)=6=2In(p)+1In%(p)=6 (stel In(p) =)= 112 + 2t =6 =12 + 47 -12=0= (+ +6)(t -2)=0=t=—6 v # =2.
=In(p)=-6= ,c;:e_6 :2—16<1 (vold. niet) en # =In(p) =2 = p = €% > 1 (voldoet).

120 A= g0 =01 4200 =15 In2(x) = 4 = In(x) =~ v In(x) = 3x=e*%=ﬁvx=e%=ﬁ.

Beginvoorwaarde: x >0 (vanwege 7) en x # 0 (vanwege g) = x > 0. |7 :556%53@5597
F(x) < g(x) (zie ook een plot) = —= JZ <x<Ae. : 1.648721271] |
v

126 O g - 4(nC)))° L e = 4(nGx))” d([nCxY) = d£(n(x))?).

1
2 1

ow)- ] [%—@)dx [In00)- 43 | s

2

N =

e
1 1 1 1

=In(e?)=2In3(e?) - T2y A 372|214 (43 __1.,4 13 _1 1.1 1_2

In(e2) -3 In"(e?) (In(e )-3In(e 2)|=5-3-(3) s5+3 (3 =3-¢+3-¢=%

13a Beginvoorwaarde: x3+420=x3 2 4= x4 DusV.A: x =34 ; y
_ 3x° oyl (P +4)-6x-3x%3x% _ oxt124x-9x* _ 3x*124x :
f(X) X3+4:f(X)_ (X3+4)2 - (X3+4)2 - (X3+4)2 .
f'(x)=0= 7—(3)’:::;‘},_* =0 (teller =0) = -3x% + 24x =0 =

—3X~(X3—8):O:X:O\/X3 =8=>x=0vx=2
minimium (zie plot) is 7(0) = % =0 en maximium (zie plot) is 7(2) = % =1
7(x) = p heeft precies drie oplossingen (zie plot) voor 0 < p < 1.

13b 3x°_4x 3x2dx =L dx3+4|=din|x3+4] f
e g et = o4

oW) = j )(3314 dx = [In(x3 + 4)}5 =In(p3 +4) ~In(4) =|n(p3;:4)-
0

3 3
oWy=2=In(E i y=2 o P8 o 0? o p3 a4 p3 -4 4= p-Tac? -4,

14a [F(x)- g(x)]'=F"(x)- g(x)+F(x)- g'(x) dus 14c g(x)=In(x) en £(x)= %XZ invullen in

d(F(x)- g(x)) = dF(x)- g(x)+£(x)-dg(x) 9(x)df(x)=d(F(x)- g(x)) - f(X)dg(X)
= 9()dF(x) +£(x)dg(x). geeft In(x)d x? = d(Lx? -In(x)) - L x2dIn(x).
14b d(7(x)- g(x)) = g(x)df(x)+F(x)dg(x) 14d Herleiden van het rechterlid geef’r
—g(x)df(x)=—d(£(x)- g(x)) + F(x)dg(x) In(x)dd x? =d(1 x2 ln(x)) X% L ax

9(x)df(x) =d(£(x) g(x)) - F(x)dg(x). _d(Lx 2-In(x))—fxdx
U2 2 :
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In()()d%x2 = d(%x2 -ln(x))
In()()d%x2 = d(%x2 -ln(x))
:d(%xz ~In(x)—z 2).

x dx verder herleiden geeft 14f Dus H(x) = %XZ In(x) - %XZ is

1
2
d een primitieve van A(x) = xIn(x).

XSin(X)dX:Sin(X)d%XZZd(% 2 SIn(X)) S5X dSln(X) _

—d( sm(x)) > X cos(x)dx

1

> x? cos(x) is nog ingewikkelder dan de oorspronkelijke x sin(x), dus deze methode werkt niet.

2x _ 1 2x _ 41, 2x\ 1 _2x _A(1 ., 2x) 41 2x _ 41, .2x 1 2x _1 . 2x 1 _2x
Xe dX—Xdze —d(zxe ) 5€ dX—d(zxe )d4e —d(zxe 7€ ):F(X)—er e~ +c.

2x cos(x)dx =2xdsin(x) =d(2x sin(x)) - sin(x)d2x = d(2x sin(x)) —2sin(x)dx
=d(2xsin(x)) +d2cos(x) =d(2x sin(x) +2cos(x)). Dus F(x)=2xsin(x)+2cos(x)+c.

xIn3(x)dx =In3(x)d1 x d( x2In3(x)) - L x2 dIn®(x)
=d($x%In3(x)) -1 x2 - 3In(x)- ldx d(£x%In3(x)) - 3 x - In?(x)dx

d( X In3(x)) Inz()()d3 2 d( X |n3(x)) dilenz(x)+f dlnz(x)
=d($x2In30x) - 3x2In?(x)) + 3 %2 - 2In(x) - L dx = d($ x2In3(x) - 362 In (x)) + 3 xIn(x) dx
=d($x2In3(x) - 3 x2In?(x)) +In(x)d 3 x2 d( x2In3(x) - 3 52 In?(x)) + d3 xZIn(x) - 3 £ din(x)
d(%x21n3(x) 3X2ln2(x)+ ln(x)) 3 X2 1d)( d( X |n3(x) 3)(Zlnz()()+ In(X))—Z dx
d(lx In3(x) 3X2ln2(x)+ ln(x))— d( X ln3(x) 3X21n2(x)+ ln(x)—%xz).
Dus F(x) =1 x2In3(x) - 3 x%In? (x) + 3 x2 |n(x)-§x2+c.
X3In(x)dX:ln(x)d%x4:d( 4In()()) X dln(x) d( X In()())—f)(4 1dx

:d(%x“ln(x))—%x‘?'dx:d% 4|n(x)—dE = (Z 4ln(x)—R 4). Dus F(x)= 7X4ln(x) —x +c.

2x(e* +1)dx = (2xe* +2x)dx =2xe¥dx + 2xdx =2xdeX +dx? = d(2xeX) —eXd2x +dx?
:d(erX)—Zede+dX2 :d(2xex)—dZeX +dx? = d(2xeX —2e* +x2).
1
JZX(eX +1)dX:[2xeX -2e* +X2Tl :2e—Ze+1—(O—2eo +O) =1+2=3.
0 0
(3x +1)sin(x)dx = (3x +1)d(—cos(x)) =d(—(3x +1)cos(x)) ——cos(x)d(3x +1) = d(-(3x +1)cos(x)) + 3cos(x)dx
=d(~(3x +1)cos(x)) + d3sin(x) =d(-(3x +1)cos(x) + 3sin(x)).
]E(3x +1)sin(x)dx =[(3x +1)cos(x) + 35in(x)]g = -3z +1)cos(r) + 3sin(r) - (—(0 +1) - cos(0) + 3sin(0))
0
=—(B7z+1)--1+0-(-1-1+0)=37+1+1=37+2.

In(x)dx =d(xIn(x)) - xdIn(x) =d(xIn(x)) - x- % dx =d(xIn(x))-1dx =d(xIn(x))—dx =d(xIn(x) - x).
Dus een primitieve van 7(x) =In(x) is F(x)=xIn(x) - x.

fx)=x In(x) BV: x>0=f'(x)=2x" |n(X)+X =2xIn(x)+ x.
' (X)=O:>2XIn(X)+X:O:>X-(2|n(x)+1):O:X:O(voId.met)v ln(x):—%:)(:e_%

fle )=(e )2t y=et L=t 1o Lol 1y

1
2
len(x)dx=ln(x)dlx3— ( X In(x)) %X din(x) = d( X In(X)) x3. Ldx

X

d( X In(x)) 1x2dx= d( X In(x)) déx =d(§x ln(X)—§ 3).

0(1/)=jf(x)dx=[%x3ln(x)-%x3}1 =1e3Ine) -4 - (Ln)- 1) =13 -Le3-(0-1)=2c3 + 1.
1



C. vou Schwantzenbeng 5/22

Flotl Flotz Flobz
\ x2-L_In(x)-2x _ _ LG R R E
20a f(X)=M BV:x>0=f'(x)="—"X* nex):2x _ x-2xin(x) _1-2In(x) |2=a" fivpon

: (X )2 - X4 - X3 : M= ﬁm;g;?a
F'(x)=0 (feller =0) = 1 - 2In(x) = 0 = —2In(x) = -1 = In(x) = f: x=et =1e. ﬁﬁ%};?z
1 =t

N =
maximum (zie plot) is f(\/Z) = @ :% é -% = Z = B¢ (zie plot) = <e i} |Hres=i ]

‘2e |’
206 M dx = In(x) 2 dx =In(x)d(-x7) =In(x)d=E = d(~Lin(x) L din(x) = d (-] L L o
=d( In(x))+x—2 dx = d( In(x))_dX—l =d(—'nE¥X)—%):d( In(;() 1).
f(x)=0(teller=0)=In(x)=0= x =1.
€ e
oW) = [Fix)dx :[—'ng)—ll @)=l (WD-1)_ ot (021 2,y
1
2la x%e* dx = x?de* =dx%e* —e* dx? =dx%eX - 2xe* dx.
21b 2xe® dx =2xde* =d2xe* —e¥ d2x =d2xe” -2e* dx =d2xe* —d2e* =d(2xe* -2e*).
21c x2e* dx = dx%e* —2xe* dx (zie 21a) = dx2e* — d(2xe* —2e*¥) (zie 21b) = d(x2e* —2xe* +2e%).

Dus F(x) = x2e* —2xe*X +2e* +c=(x%-2x+2)- e~ +c.

ST

e” sin(x)dx =sin(x)de* =de” sin(x) - e* dsin(x) = de” sin(x) —e* cos(x)dx = de” sin(x) - cos(x)de*
=de” sin(x)-de* cos(x)+e* dcos(x) = d(eX sin(x) -e~ cos(x)) —e¥sin(x)dx.
Uit e sin(x)dx = d(e* sin(x) - e* cos(x)) - ¥ sin(x)dx volgt nu
2e* sin(x)dx =d(e* sin(x) — ¥ cos(x)) = ¥ sin(x)dx = d(}e* sin(x) - L& cos(x)).
Dus &(x) = fe X sin(x) - e X cos(x) +c.
23a %XZ cos(x)dx = %XZ dsin(x) = d%x2 sin(x) - sin(x)d%)(2 = d%x2 sin(x) —%xsin(x)dx
= d%x2 sin(x) + %XdCOS(X) = d%x2 sin(x) + d%xcos(x) - cos(x)d%x
= dl)(2 sin(x) + dlxcos(x) - lcos(x)d)( = dlx2 sin(x) + dlxcos(x) - dlsin(x)
d( X sm(x) +5 X cos(x) - fsm(x)) Dus F(x) = X sm(x) +5 XCOS(X) - fsm(x) +c.
23b e ¥ cos(x)dx =e ¥ dsin(x) =de ¥ sin(x) - sin(x)de ¥ =de ¥ sin(x) + e sin(x)dx =de ¥ sin(x) - e ¥ dcos(x)
=de ¥ sin(x)-de ¥ cos(x) + cos(x)de™ = d(e_’" sin(x)-e¥ cos(x)) —e ¥ cos(x)dx.
Uit e cos(x)dx = d(e’X sin(x)-e™* cos(x)) —e ™ cos(x)dx volgt nu
2e¥ cos(x)dx =d(e™ sin(x) - e cos(x)) = e ¥ cos(x)dx =d 1(e7¥ sin(x) - e ¥ cos(x)).
Dus 6(x) = 4(e7¥ sin(x) - e™¥ cos(x)) + ¢ = L™ (sin(x) - cos(x)) +<.
23c  e®¥sin(x)dx = - dcos(x) = d(-€?¥ cos(x)) +cos(x)de?” = d(-e%* cos(x)) + 2¢?¥ cos(x)dx
= d(-e%* cos(x)) +2¢2* dsin(x) = d(-e%* cos(x)) + d2?* sin(x) - sin(x)d2e?*
= d(—ezx cos(x) +2e2¥ sin(x)) — 462X sin(x)dx.
Uit €2 sin(x)dx = d(—ezx cos(x) +2e%X sin(x)) — 4% sin(x)dx volgt nu

2x

5. 22X sin(x)dx = d(—eZX cos(x) + 2e2¥ sin(x)) = 2% sin(x)dx =d %(—e cos(x) +2e2¥ sin(x)).

Dus H(x) = %(—ezx cos(x) +2e2¥ sin(x)) +c= %ezx (—cos(x)+2sin(x))+c

240 (X2 —x)e¥ dx =(x% - x)de¥ =d(x? - x)e* —e* d(x? - x) =d(x? - x)e* —(2x —1)e* dx
=d(x? - x)e* - (2x - 1)de* =d(x% - x)e* —d(2x -1e* +e* d(2x -1)
= d(x? - x)e*X —d@x -1)e¥ +d2eX = d((x2 —x)eX —(2x -1)e* + ZeX) - d((x2 3x+ 3)eX).

3 3
I(XZ—X)eXdX:[(x2—3x+3)eXL =(9-9+3)e3-(1-3+3)e=3e3-e¢.
1
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26a

26b
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xlnz(x)dX:lnz(x)d%xz d( X |n2(x)) 1x24d1In8(x) = d( X Inz(x)) 1x% 2In(x) L dx
=d(l 2~|n2(x))—xln(x)d)(:d(f 2.|n2(x))-|n(x)dlx =(dl 2~In2(x))—d% 2-ln(x)+%x2dln(x)
d( x%In?(x) -1 1x |n(x))+ x% Ldx= d( x%In%(x)-1 1x |n(x))+ xdx

d( x2In(x)-Lx In(X))+d1x —d( x2In?(x) -1 x In(x)+ XZ)

e

J'xlnz(x)dx:[%xz~In2(X)—%x2~|n(x)+%x2L 1e? 1212141102 -Lo+hy=122-1

1 Flatl Flatz Flat: /
M RCZHEHE -1 28

F(x)=@x% +x -1)e* = F'(x) = (4x +1)e* +(2x% + x —1)e* = (2x% +5x)e*. ?%Ef‘ M}EEE‘E%-S U

F1(x)=0= (2x2 +5x)e* =0 = 2x% +5x=0= x(2x +5)=0= x =0 v x=—g=—2%. feeiss

max. (zie plot) is 7 (- 21 ) 9.e” %—%: o en min. (zie plot) is 7(0)=-1- e =-1 E?EE% 2_::?;: 2.5

e? a
L]
F(x)=0=@x%+x-1)e¥=0=2x° +x-1=0met D=1%-4.2.-1=9= D =3
_-1+3_2_1 _-1-3_-4_
X=Z2 4 2vx="g =31

(2x% + x —1)e* dx = (2x% + x —1)de* =d@x? + x —1)e¥ —e* d(2x% + x 1) = d(2x?% + x —~1)e* —(4x +1)e¥ dx
=d@x? + x —1)e* —(4x +1)deX =d@x% + x —1)e¥ —d(4x +1)e¥ + ¥ d(4x +1)
=d2x% + x —1)e* —d(4x +1)e* + 4e* dx =d(2x% + x —1)e* —d(4x +1)e* + d4e*
=d@x% + x—1-4x -1+ 4)e* =d@x% -3x +2)e*.
1

0N
|
Ny

O(V):T(O—f(x))d)(:?—f(x)dx [~2x® -3x +2)e* F - 2-3+2)et +(243+2)e T = et +7 1=
4 |

Flatl Flotz Flots

£y = (X) =0 (teller = 0) BV: x >0=In?(x)=0=In(x)=0= x=1. EE%E&”‘S;;;;;”’ ',
nrEE Amin=g

In*(x) _ 12 1 _In2 _ In2 _ 2 Hma=3

Tx dx—ln (x) &dx In“(x)d2vx =d2vVx - In“(x) -2V x dIn“(x) Hacl=8

Ymin=:1
W =3
= d2vx - InB(x) - 2% -2In(x) - L dx = d2vx Inf(x) - 00D Vciza

=d2Vx - In?(x) - 4In(x)d2Vx =d2Jx -In?(x) - d8x -In(x) + 2v/x d4In(x)
= d2y/x - In?(x) - d8x -In(x) + 2vx -4 Ldx = d2Vix -In?(x) - d8Vx -In(x) + % dx

=d2vx - In?(x) - d8vx -In(x) + d16/x =d (2& 1n2(x) - 8vx -In(x) + 16&).

O(V):Tf(x)dx:[2«/;-ln2(x)—8\/;-ln(x)+16\/;Le =2Je 12 -8Je - 1+16/e —(2-02 -8.0+16) =10/ —16.
1

I(L)= Tn (F(x))P dx = Tn SN [%m%of =Lin%(e)-LnP() =115 -

Immers: M09 dx = In4 () dIn(x) = d LInd(x).

Het splegelbeeld is de grafiek van een functie. Het spiegelbeeld is niet de grafiek van een functie.
(want bijvoorbeeld x = 4 heeft twee beelden, hamelijk 2 en —2)

Bij het domein [0,—) is het spiegelbeeld van de grafiek van g(x) = x% wel de grafiek van een functie,
namelijk de functie A(x)=+/x.



28a

28b

29a

29b

30

3la

31b

3lc

32a

32b

32c¢

33a

33b

33c

34a

34b

34c
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¥ Voontgezette integnraalnchening

2 _ tan?(t) +1
Tq m 1d‘rct n(t)= 72(;‘) I 1+ tan“(#))dt = T ldf 1dt =dr.
_ _ sin(x) _ cos(x)- cos(x) - sin(x)-—sin(x) _ cos (X)+ sin(x) _ 4 . sin®(x) _ 2
Want #(x) = tan(x) = c0s() = Fl(x)= os00) o 00) =1+ o) " 1+tan®(x).
-1 -1 dF(X) 1 _ 1 __1 __1
x =tan(t) ofwel +=tan™"(x) en F(x)=tan " (x)= F'(x) = dx T T ra() 1R R
K o _ oy g e o [ [aa [ e [4n ]
Hle‘r bereik (de u:‘rkorlns‘rer;) van 7#(x)=arctan(x) 1|s (liggen in) < 57, 27r>. sin@ | o Loz |4 | g
lgﬂ ligt niet in < 57, §ﬂ>: cxr'c‘rcm(3 \/_)qtl O L ——— cos(@) | 1 |23 |22 | &
I
V3> %7[ = arctan(x) = V3 heeft geen oplossing. |y~ 1-5787%6327| |tan(@) | o [3¥3 | 1 | VB
-3 | 4 |33 13 3
Zie de tabel hiernaast. X " | ! | 2 | | 31 | ! |
arctan(x) || iz | -1z |7%7r | | R | iz | iz
arctan(x) :% Landl o aepes 31d arctan(x) = %n
Ans (32 . 2 1
X = ‘ran(3 )= \/— geen oplossing want $T>57 (2>5).
arctan(x —2) = —;ﬂ tan(-1am 3le arctan(x) =2 :a””é‘.?%%m 19167
X_2= fan(—%ﬂ) —_1 [n=+z ) X =tan(v2) = 6,334.
x=-1+2=1. u
arctan(x? -1) = %7: 31f arctan(x® -1)=1 S
an
K -1=tan(dn)=1 FancAm x?-1=tan(1)~1,5574 |~ 1.557467725
2on _— : x2 ~ 25574 ripp 2 357407725
e-lB oy x=3 <Azl x =-1,599 v x =1,599. |y 1599183783
Ao 1 -1 4__4
Fx)= 2mﬂcmn(.):”‘ (=2 (x )2+1 [ Y
_ = ) g 1
() =arctan(x=2) = ¢'(x) - P et
__2x
h(x) = arctan(x2]) = A'(x) = o ax =2
V3
I o, 1\/— = arctan(~/3) - ar‘cfan(—lx/—) % —%ﬂz%z+%7r:%7r.
,% 3
-1 1
jmdx [ar‘cTan(X+1)] > =arctan(0) - arctan(-1) = O——Zzz 47
13
_ 1 _1
J' (3x)2 1d)( [arc’ran(3x)]0 = arctan(~/3) — arctan(0) = 37-0=3m.

Verm. t.o.v. X-OS

y = arctan(x)—Lhaarrechts o  _ grctan(x —1)
De horizontale asymptoten zijn y = —%n’ eny= %n’

(maak een schets van de grafiek van 7 en stippel de asymptotenlll)

f snijden met de x-as (y =0) = F(x)=0= arctan(2x -1)=0=
2x-1=tan(0)=0=2x=1= x =1. Dus 5(3, 0).
f(x)=arctan(2x =1)) = F'(x) = ax 1L 2-_2

12+1 @x-1%+1
_ 2 _
f( )= (- 1)2 1 0+1°

ki y =2x+ b door s@, 0

=0=2-
arctan(2x — 1):%
2x-1= Tan(37r)=x/_
2x=1+3
14143

arctan(2x —1) = —% T en
2x -1=tan(-%7)=-1

2x=0
x=0

2 p f(x)=arctan(2x - 1)

(gebruik de bereking hiernaast en een plo‘r)

+b:> -1=bH.Dus k: y=2x-1.

Dus —;ﬂ<f(x)< T=>0<x<i +1\/_

1]
Flotl Flakz Flots Ymin= -5
M1 Bban 1 2E-10 Xm;2=5

Mzl -lsdm

~MzB1-3n Yaip=-2
~itu=Nl Y=zl |———"]

s Yecl=1




34d

35a

35b

36a

36b

36¢

36d

37a

37b

37c

37d

38a

38b

38¢c

38d

f(1)=arctan(2-1-1)=arctan(l) =4

x <1 (gebruik de berekening hierboven, een plot en het bereik van ) = —%7[ <f(x)< %ﬂ'.

1 1 _
F(x)= ar‘c‘ran(-)+c:F (x)= 2 (2x)2+1 -2 N 4)(2 . =f(x).

_ 11 1 1 4__ 4 _
6(x) = 20rc’ran(-)+c:6(x) (X)2+1 v R v i vl et = 9.

F(x)dx = 2 1 dx=12. d(3arctan(4x)) = F(x)=3arctan(4x)+c-

a1 _
16x <->2+1 dx =3 (.)2 ld

_ S 1 gy
glx)dx = pdx = hdx (.)2 ~d1x|=d(2arctan(}x) = 6(x) = 2arctan x) + -

h(x)dx = arctan(2x)dx = d(x arctan(2x)) - x d(arctan(2x)) = d(x arctan(2x)) - x - (2)«7;%1 -2dx
=d(xarctan(2x)) - 2"’ dX d(x ar‘ctan(Zx)) -1 e 85* 1d)( d(x arctan(2x)) —% 4X12+1 d( 4x% 4 1)

=d(xarctan(2x)) - Z . dln(4x + 1= d(x arctan(2x) —% . |n(4x2 + 1)).
Dus H(x) = x arctan(2x) —% An(4x%+ 1) +c-

: _ 3 _ 3 _ 3 _ 3 _3.
J(x)dx = A s dx = e dx = T2 dx = T dx +2]= J(x)=3-arctan(x +2) +c.

1 1 1
3 _ _ 1y - 1/3y=/3.1

(I)X2+3 dx —g%x " dx —(J;(% [x/—arcmn(\/—)} ﬁarcfcn(ﬁ) J3 arctan(0) \/§GT‘CTGH(3\/§) NE) 7
1 1 1
j X _dx= J' dx = j . XZ = [l arc’ran()(2 )T =Llarctan()-Larctan(0)=1.1z=17
ox4+1 O(X )2+1 o( 224 2 0o 2 2 4 8"
6 6 5

5 _ 5 _ 5 _ S _ 3
-3[)(2—6X+18 dx :J;(X—3)2—9+18 dx i(x73)2+9dx Q%(X%)zud)( l(g(xfs))zudx

6 6
= [g -3 arcmn(% (x- 3))} 3= [% ar'c’ran(% X - 1)} 3= %arc’ran(l) - % arctan(0) =% - %n = % z

3 NE] V3 N
j arcmn(x D dx = j arctan(x)darctan(x) = j d1(arctan(x))? = [l(arc'ran(x))z}

x2+1 0 2 2 0

=1(arctan(v3)y? —L(arctan(0))? =1 - A 7 -1 (02 = 1. 1 2% = L%

11 11 11
J? 2 _dx= Jg 5 dx = Jg 5 dx=|2. §<:(r'c1‘an(2 X) 2 =Llarctan(l)-Larctan(0)=1.1z=1L17
o 4x219 5 2x?+1 0 (Zx)*+1 9 2 3 3 3. 47 127
1In(3) 1In(3) 1
2 x 2 1In(3 1 2

—£ —dx= L__deX = [arcmn(ex )} 2nB) _ arctan(e? In(3)) —arctan(e?) = arctan(e(3*)) - arctan(l)

e +1 (e*)+1 0

= arcTan(e'“(‘/—)) 47= arctan(~/3) - % %ﬂ' - % = % z

1 1 1 1

1 _ 2 _ 2 _ 1 _
£2x272x+1dx £4x274x+2 J4x 4x+1+1d J(2x71)2+1dx J(z 1%+ 1d(2X D

=[arctan(2x - 1)] o =arctan(l) —arctan(-1) = 7r - —% = é 7.

de :In()(2 + 1)~%dx = In()(‘2 + 1) x2dx = In(X + 1)d(—x_1) = d(—i ~ln(x +1)) ——idln(x2 +1)
X X X X
_ In(x+1)) 1 1 _ In(x2+ 1) 2 _ In(x2+ 1)
_d(—7)+;m2/\’d)( = d(-#j‘i‘mdx = d(—f+20rcf0n(x)).

X

V3 3
J' 7'"(’\;”) dx = {— 7I"(Xj,+ D2 arc‘ran(x)} = I':;f) +2arctan(~/3) - (- ln(2) +2arctan(1))
1 1

—_In#) 5.1 37+In(2)- 2% —_In®) | 2 r+in@)-1z= _In(8) 1

N NI 57 Nl 7z +In(2).

6



39a

39b

39c

39d

40a
40b

41
42a
42b
42c¢

42d
42e

43a

43b
43c
43d

43e

44q
44b

44c

_ 10 ) (XP=BX+17)-0-10-(2x-8) _ _ _20x+80 [ [IE e pwE
7(x) x%-8x+17 =7(x) (x%-8x+17)2 (x2-8x+17)%" ivj_::. . * k
f'(X):O(Teller‘:O):>—20X+80=0:>—20X——80:>X=4. -
; ; : _ 10 10 _ _
Maximum (zie plot) is 7(4) = P aan 831 10 =B, =(0, 10].
4_py- 10 10 _ 10
F(4=p) (4-pY-8-(4-p)+17 16-8p+p*-32+8p+17  p?+l en
f(4+p)= 10 10 — 10

(4+p)2—8~(4+p)+17 16+8p+p°-32- 8p+17 pe+1’
Voor elke p geldt: 7(4 - p) f(A+p)=>Fis symme’rrlsch inde lijn x = 4.

5
o) = ‘j‘ 10— dx- j -d(x - 4) =[10arctan(x - 4)];

)2 16 +17 _I )2
=10arctan(1) -10arctan(0) =10 %n = 2%7:
p
ow)=10= | m dx =10 =[10arctan(x - 4)]} =10 = 10arctan(p - 4) - 10arctan(0) =10 =
4 d+tanill
arctan(p—4)-0=10=arctan(p-4)=1=p-4=tan(l)= p=4 + tan(1) = 5, o m b
10 (p-4)-0=10 (p-4)=1=p-4 W=p=4 (1) ~5,557 3+ STABTTZS

Elke functiewaarde (uitkomst) van £(x) = sin(x) met Dy = [—%7[, %7[] komt precies één keer voor.

Dit kan alleen met het domein [0, 7] = II. x | -3 -ive | -1 0 |32 3B
arcsin(x) || -1z | -1z |-iz|-Liz| o0 iz | 1z | 1z | iz

Zie de tabel hiernaast. 2 > - s ° u 31 2
arccos(x) r S| x| x| ixn | ixn | ta | o7 0

arcsin(x) = %7: =>x= sin(% r)=1. 42f arccos(x) =2 = x = cos(2) = -0,416. :”5(2-?4151455355

GF‘CCOS(X)=%752X=COS(%7I)=O~ 429 3arcsin(x -V3)=7= arcsin(x—ﬁ):%ﬂ:

. . _einrl _ 1 _11

arcsin(x) :—%ﬂ: X :sm(—%ﬂ): —%. x -3 —sm(§7r):> X _\/§+§\/§ —1§x/§.

arccos(x):—%ﬂ'z geen oplossing, want —%7[<O. 42h  3arccos(x -3)=7= qr‘ccos(x—\/g):%ﬂ-:

arcsin(x) = 2 = geen oplossing, want 2 > %72’. x 3= COS(% 7)=x=13 +%

f(X):arcsin(Z—XZ) is gedefinieerd voor ~1<2-x%<1.
2-x%=-1=>-x%°=3=x?=3=x=-3vx=43
2-x%=1-x%="1=x’=15x=-1v x=1

~1<2-x% <1(zieeenplot) = -3 <x <-1v 1< x <43

Br = [—%7[, 17

Maak een schets van de rechter grafiek hiernaast.

f(x) 0 = arcsin(2 - xZ) 0=2-x2 =sin(0) =
2-x%2=0=-x2=-2= x° —22X— V2 v x=\2= AW2, O)(zleeenploT)

Dy =—__ 2x
F(x) = aresin(2-x2) = £'(x) = \/7)2 ex J1-@-x27

£ (V2) = %2(2{2)2 22 _ 522 ki y=-22x+ b door A2, 0)=0=-2V2 N2+ b= b=2V2 N2=22=4

f(x)= 77[:>GF‘CSIH(2 XZ) %75:2—)« :sm(éir):E x° %

I L et

f(X)< ﬂ(zneeenplo‘r): \/—<X %\/—v%x/g<)(£\/—.

2

\S

Uit de symmetrie (zie de eenheidscirkel hiernaast) volgt: cos(a) = sin(% T-a).

Stel cos(e) = x, dus ook sin(%;r —a)=x.
cos(a) = x = arccos(x) =«

; 1 1
. . = arccos(x)+arcsin(x)=a+s1-a=57.
sm(éﬂ—a):)(:arcsm(x):éﬂ—a} () () 2 2

[arcsin(x) + arccos(x)]' = [% z]'= \/11_2 +[arccos(x)]' =0 = [arccos(x)]' = -
- X

|
:‘



45a

45b

45¢

45d

46a

46b

46¢

46d

47a

47b

48a

48b

48c

49a

49b

o

50a
50b

o 1 o 1 1 &34 1 1 1 1 1.1 _1
.!- 1_9X2 dx = .1" 7,@ dX=|:§'Gf'CSln(3X):|% =§'GFCSIH(E\/g)—g'C""CSln(E)Z*'§ﬂ—§'gﬂzﬁﬂ.
6 6
112 112 112
ZI 1 ~dx = ZI s dx f —— ( ) [arcsm(3x)J 1:/3_
IR RENREES 11J’V1 ( x)
_ 1 : 1 _1 1. _1
—arcsm(zx/—) arcsm(—éx/i)—zzr——zﬂ—én
e e L2
(I) 1:\/4 dx = (J) %~71_(1Wd(x2)=[%arcsin(xz)}é =ZLarcsin(}-2)-Larcsin(0) =3 - Lz-0=-Lx
; X d ¢ %X d ; % d 1.2 1 2 1
X = X = | —=_=——=d|5 x| =|5arcsin(5 arcsm -1)-5arcsin(0) =5

Onder een wortelteken mag geen negatief getal staan en een noemer mag niet nul zijn.
Dus 25-x4>0= -x%>-25= x* =(x?)2 <25 = x2 <5 = |x| <5 = -5 < x <~/5.
Dus Df = <—\/6, \/5> Maak een schets van de grafiek hiernaast.

25-xt x4y 25 xt 2t

flx) =X Fix) = 2425 - * _ Vos—x* _ 25-x*42xt  _ 25+ x* .

(x) N *) (257)(4)2 25-x* (25-x*W25-x*  (25-x*W25-x*
- __ N3 _ 3 _V3_1 _ s _ 25+3° _.34 _17

}’A—f(\/g)— 53 _ﬁ_T_Z\/g ena—rcmaklijn—f(\/g)_(25732;/25732_16.4_ﬁ'

kiy= X+b door A(\/3, \/—) %\/— 17 \/—+b:>1\/— x/§=b:>b=3%x/§—%x/—=—3%x/§.
(p)= W en f(-p)= \/25_2’_'0)4 =—\/25_ — = F(p) = —F(-p) voor elke p = ¥ puntsymmetrisch in O.

1/10 110 1/10 1/10
0(1/)—2] j lx Zj 7%’( dx—zj 1L dlx?
) o o 2 T g E ey

110
[éarcsm(1 2)} %arcsm(5 4 -10) —arcsin(0) = far'csm()

dx =dxarcsin(x) + —1 ~ld(—x2)

N vt
— - x2) = dx arcsin(x) + dv1 - (Xarcsin(x)+\/1—xz).

arcsin(x)dx = dx arcsin(x) — x darcsin(x) = dx arcsin(x) — x -

=dx arcsin(x) +

2\/1
Dus F(x) = xarcsin(x)++1- X% te.

arcs‘"(j) dx = arcsin(x)darcsin(x) = d% (arcsi n()())‘2 . Dus 6(x) = xarcsin(x)+V1-x2 +c.

1-x

__1
f(X)dX—X2+1

X _1. 2% gy_1. =1._1 2 =1 n(x2
g()()d)(—)(2+1d)(—2 X2+1dx 2 9% =3 X2+1d(x +1). Dus 6(x) =5-In(x" +1).

Flx)+ g(x)= 21 +X =X+l piyy

+1 x%+1  x%+1

A(x)=Ff(x)+ g(x) = H(x) = F(x)+&(x) = arctan(x) + ln(x +1).

2x 5 _2x+5 _
x+1 " x+17 x+1
_p.xxly 3 2(xeD) 3 _axe2, 3 _2x+5_ gy,

2+X+1 x+1 x+17  x+1 X+17 x+1 " x+17 x+1

f(x)dx=(2+ X+1)dX= d(2x+3-In|x+1) = F(x)=2x+3-In|x +1| +c.

“Inpe+t+e. - -

= f(x). We kennen (nog) geen primitieve van g(x) =

x+1

f(X)=2X+1=2_X1+1

x+1

Flx)=-2-=1

x+1

—Injx +1|+c.




50c
50d
50e
50f

51a

51b

blc

52a

52b

52c

53

o

54a
54b

54c

C. vou Schwantzenbeng 11/22
1

F(x)= 2’\;:-1 2 gx+1:>F(X) —X+ ‘Inj2x +1] +c.

F(x)= 7S i A 3F(X)=—X+3|n|)(+1|+c,

X+1 x+1 x+1
3-4x _ 4x+3 _

F(x)= 2x+1 2x+1 _2+ 3F(X)——ZX+ ln|2x+1|+c

Fl)=$xzl_barl_ 3—25_1:F(x):-sx-|n|zx-1|+c.

3
de=j(x—1+x%)dx=[%x2—x+2|n|x—1|E =%—3+2|n(2)—(%—2+|n(0))=1%+2ln(2).

3 2
= [lx+3% de [ x?+31x 1§3ln|2)(+1|}1

2x+1
_ 1_13 1 1_13
=1+61-Bin(5)- (1 +31-13In(3))
_—71_13 113 _ 131,,(3
—7§—§|n(5)—3§+§ln(3)—4+§ln(3)

_2—2x2—x ? -2
_-"4 X=X dx = I( [x +X—ln|x+1|} .

=-4- 2—ln(1) (16 4—ln(3)):—6+20+ln(3) 14 +In(3).

£(x) = Xex g (x) = (41 BX2+1)-(x*+x)-1 _ 3x3+ x+3x241-x3—x _ 2x3+3x%+1

x+1 (x +1) (x +1) (x+1)
)= 2+3+1 =ll:k:y:11X+b

[ 2 2 >1=111+b=>-L=b Dusk y=11x-1.
f(1)=%=%:1:/1(1, 1)

Flokl Flotz Flets
\V1E(XA3+X)/(H+1

2 \Vz—l
ow)= If(X)dX IX+de I(XZ—X+2—m)dx [ x3 %x2+2x—2ln|x+1|}z
0

3

f(x)= O(teller_O):x +X:O:X-(X2+1):O:X:va =-1=x=0.

VmaXfIB

=§—2+4—2In(3)—(0—0+0—2|n(1))=4%—2ln(3).

Flokl Flotz Flotd
sMBL IR Il 2HE
+2H521n(X+1)

1l THDOW

2

\Vs—l

p
OW) = [ F(x)dx =[ {23 ~Lx® +2x - 2|n|x+1|]
0

= %p3 - %pz +2p-2In(p +1)-0=10 (intersect) = p = 3,276. e hction
H=E.2PE0EEY _Y=10

e Y

X =|-2

x =-1
3

ol o h

9

| |
| |
| |
| |
| |
| |
i i
| |
| |
| |
| |
| |
| I

f(x) is voor elke x gedefinieerd, want de noemer x% +4x +5 heeft geen nulpunten (D =4? -4.1.5=16-20 < 0).
g(x) is niet voor elke x gedefinieerd, want de noemer X2 4x+4-= (x+ 2)2 heeft één nulpunt (= V.A: x = -2).
h(x) is niet voor elke x gedefinieerd, want X2 44x+3= (x +3)(x +1) heeft twee nulpunten (= V.A.: x = -3 en x =-1).

f(x)= X2+)1( 1+)’:2;11:1+X2"(+1 X+1:F(x) x+ ln(x +1) - arctan(x) +c. -

gx)=1-—L — =1L —1-(x-3) 2= 6(x)=x-L (x-3Trc=x+ Loic

= ‘i -

h(x)= X3+X—X:>H(X) x2+c
x2+1




54d

55a

55b

55¢

55d

b6a

56b

béc

57a

57b

58

C. vou Schwantzenbeng 12/22
i —A 28x-54__ 28x -54
J) xX2-6x+9 X+6+ XP-6x+9 6+( -3y
_ 28(x —3)+84-54 _ 28 30 _ .
_x+6+—(X 3 x+6+X 3+( 3)2 X+6+ +3O (x - 3)
J(x)= X +6x+28-Injx-3-30-(x - 3y lic=1 x +6x+28ln|x 3|——+c
% ‘ 4 X2
X — X
=1.4-2In8)-(0-2In(4))=2- 2ln(8)+2|n(4)
=2-2(In(8)-In(4))=2- 2ln( )=2-2In(2).
x5 o 12x+16  _ 12-(x+2)-8 _ 12 _ e -
xX2+4x+4 ol 4+x2+4x+4 X4+ (x +2) =X 4+)(+2 (X+2)2 + 8(X+2)
8 8
X 41,2 -1
(J;X2+4X+4dx [ZX 4x +12In|x +2|+8(x +2) }O [ —4x+12In|x +2| + X+2J0

=32-32+12|n(10)+%-(0-0+121n(2)+g) =12|n(10)+g-12|n(2)-4 :12ln(5)—3%.

1 1
IX:+1dX=IX2—1+ 22 dx=[%x3—x+20r'c1'an()()}
0 x+1

0
=l—1+20rcfan(1)—(0+2arcfan(0)) ——+2% =—%+%7z.
X1 42 ph i3 4X+2—X2 ax+3-HxxD-2_ 2 o503
x*+2x+1 +1)° (x+1)? P (x+1?2
1
2"’4—+ldx=[lx3 x% +3x - 4ln|x +1) - }
OX +2x+1 3 x+1]g

=1-1+3-4In(2-%-(0-4In(1)-2)=31-4In(2).

f(x)=—1°X+5 (feller =0) = 10x +5=0=10x =-5= x =-1.

4x2_4x
£x)= (4x%- 4x+1) 10— (10x +5)-(8x —4) _ 40x*~40x +10—(80x°— 40x +40x ~20) _ _40x%— 40 +30
(4x%-4x +1) @x-1* @x-1*
£(- ) -10+20+30 _ 40 _ 5
) 1 ()2)4 16 loky= 2x+bmet0= %+b:>%=b.Dusk:y=2%x+1%.
oor A(-=, 0

7"()()=L401)’\:‘+30=0('re||er~=0):>4)(2+4X—3=O:D=42—4~4—3=16+48=6‘":>’(=_42J_r.\t/1674:>

X=%‘_8 _12 —11 (voldoef)vx=%=%=% (vold. niet omdat dan de noemer nul is). “%ﬂ?ﬁﬂﬁ_ﬁ
ini 1y_-15+5 _-10 __5 [M1o-3s2) i T T M=
Minimum (zie pl°*) is f( 13)=9,6+1"16 =& nerFroe 523 [\WiBC1BRASTS cdxe| | Pnire sz
Dus B =[—§ —>) 58| e i
f 8’ ’ u wha— Hres=1
3 3
_ 10x+5 5- (ZX 1)+10 5 . -2
O(V)—{f(x)dx o d _j o x_{(ZX_1+1o (2x-1)?)dx
-1 1
[5ln|2x 1+10-L-1.@2x-1) ] =[Sinjex -1 -52 1] =3In(5)-2 - (3In)-2) =21In(5) + 4.
-1 N I x+3, 31 xtl_ ~14-(x +3) 31 (x+1) —1%X—4%+3%X+3%: 2x -1 _ h(x)
x+1 x+3 X+1 x+3  x+3 x+1~ (X+1) (x+3) (X+1) (x+3) x2+4x+3 x2+4x+3 :
 2x-1 . . -1 3] _ 11 1
h(x)= m (zie 57a hierboven) = & + 2= = H(x) =-13In|x +1 +33In|x + 3 +c.
A_, B _A+8B _(A+B)-(x-2) (A+B)-x-2-(A+B)
x-2 x-2 x-2 (x-2)-(x-2) (x-2) :
0 _A B x+1 _ _ _
wil 5t 73 (X 2y.(x"2) dan moet A+B=1en -2(A+B8)=1.
A+ B=1 - 2A+2B=2
—-2A-28=1 ><1 —2A-28=1,

0 = 3 (kan niet) = er zijn geen oplossingen.



C.vu-n.cfehwah.tmnlreug. 13/22
_ x%+2x-1 _ Ix-7 _ Ix-7  _ A B A-(x-3) B-(x-2)
GRS i uyo it e -y St A e £y R e e Rl P ¢y Il £y B )
1+ Alx-3)+B(x-2) _ 14+ AX=3A+Bx-28 _q (A+B)x-3A-28
T g 0
A+ B= 7 2 [ 24+28B=14  [(A=-7
{—3/1—23:— x1:>{-3A—2.9=— :{A+B—7 = TrB=T=8=14
—A 7
flx)=1- X Tt 33/-'()() x =T7In|x-2|+14In|x -3/ +c.
Y Ix-6  _, _ Ix-6 _ _ o o, _A_ _ A-(x+3) B-(x-1)
I e B T R o B e R B e Fer R e ez
—x_2 AX43A4Bx-B _, o (A+B)x+34-8

(x-1)-(x+3) (x-1)-(x+3) °
= -1
{ ArB=7 {A‘4 li8-758-063

3A—3=—6+:’ A+ B=7 4
44 =
1 3
g(x)=x- 2+ 41+X6+3:6(x) x? 2X+1In|x 1|+63ln|x+3|+c
_ 2x%+1 _ x+1 _ x+1 _q1. A B A-(2x-1) B-x 2Ax —A+Bx (RA+B)x-A
8¢ A= =l e T it T I e D T e S e h St xx D)
{Zj+f=1:—2+3=123=—3.
h(x) = 1—;—%3/—/()() x —In|x| - 111n|2x I+c
_2x +1 1, Xt 1, gx+d B8 1, A@x+D) . Bx
59d  j(x)= X‘E+2X+X‘X 2t xex X" PSS T SR e txexr) T x@xeD

- _1 2Ax + A+ Bx 1, RA+B)x+A
=Xt x exey X 3+ x-(@x+D)
-1
{i”zg‘z:zwb:g:—l
. 11
J(X)=X—%+)1( 2X+1:>J(X)=% %x+ln|x| In|2x+1|+c

60a X _ X - A, B __ AKX=2) B-(x+1) _Ax-2A+Bx+B _(A+B)x-24+8
2 (x+1)-(x-2) x+1 x-2 (x+1)-(x-2) (x+1)-(x-2) (x+1)-(x-2) (x+D)-(x-2) -

X —X

A+B=1 A:l 1 2
{_2A+B=°—:{A+§=1:§+‘9:13‘9:§

3A =
4 4, 4 2 .
,E[Xz_);_zdxz_:[[xil 3 de [1ln|x+1|+%ln|x—2|]3

=1In(5) + 2In(2) - (1In(4) + ZIn(1)) = 1In(5) + ZIn(2) - 1In(2?) = 1In(5) + 2In(2) - ZIn(2) = In(5).
60b 4x-8 __ 4x-8 __ A B __Ax-5) B-(x+1) _ Ax-54+Bx+B _(A+B)x-54+8

x2—4x-5 (x+1)-(x-5H) X+1+X—5_(X+1)~(X—5)+(X+1)~(X—5)_ (x+1)-(x-5) (x+1)-(x-5) °
{ A+B= 4 :{" 2 L 24+B-4=8-2

?

0

54+ 8= A+B =4
6A —12

x+1

2
X4X4X85d (j)(LJr—)dx [2In|x +1]+2In|x - 5|]o—2|n(3)+2|n(3) (2In(1) +2In(5)) = 4In(3) - 2In(5).

60c -2 -2 A, B __ A3 B x+l) _Ax-34+B8x+B _(A+B)x-34+8
x2—2x-3 (x+1) (x-3) “x+1 7 x-3 (x+1)-(x-3) (x+1)-(x-3) (x+1)-(x-3) (x+1)-(x-3) -

A+B=0 A=1 1. o 1
_3A+B:_2_:{A+§:o:>§+8—0:>3——§.
, 44 =2
1 1
_ 2 2 _[1
({XZ o 3 j[xi—l Xzsj —[Eln|x+1| ln|x 3|
_;m(s) Lin(t) - (1in(1) - 1In(3)) = In(3).
60d —x2+)‘(l: — =X+ 13+ 039
-40x-39 __A B __A(x+] B-(x+3) _Ax+A+Bx+38 _(A+B)x+A+38

(x+3)-(x+1)‘x+3+m‘(x+3)~(x+1) (x+3)-(x+1)  (x+3)-(x+1)  (x+3)-(x+1) °

{A+ 8=-40 j{3= = A+L=-40= 4=-401.
40 2 2

L HNIE

A+3B=—39_ A+
—28- -1



61

62a

62b

62c

63a

63b

64a

64b

C.vu-n.cfcluua.ntzenlreh.g. 12t/22
2 20 2 3 3 2 2
J'id)(:j x© - 2 ldx = [ x°-2x +13X—4Olln|x+3|+1In|x+1|}
OX 21 4x+3 5 X+3 txTl 3 2 2 0
=1.23-2.22+13.2-401In(5) + 1In(3) - (0- 0+ 0 - 401In(3) + 1In(1))
=22-8+26-401In(5)+ 5In(3)+ 404In(3) = 20 + 41In(3) - 40 3 In(5).
I flx)=—2%x=5 ___2x-5 __ A, B _ A-(x-3) B:(x-2) _Ax-3A4+Bx-2B _(A+B)x-3A-28
x2-B5x+6 (x-2)(x-3) x-2 x-3 (x-2)(x-3) (x-2)(x-3) (x-2)(x-3) (x-2)-(x-3)
A+ B= 2 |x2 2A+2B= 4 A=1 148-2— B-1
—34-28=-5 x1| 7 |=84-28=-5 T |A+B=27"TFTc= =%
f(x)=ﬁ+ﬁ:F(X):|n|x—2|+|n|x—3|+c.
IT f(x)dx = 22)(’5 dx =—; 1 d(XZ—5X+6)=d|n‘)(2—5X+6‘3F(X)=ln‘x2—5)(+6‘+c.
x°-bx+6 x°-bx+6

Nuis: InJx -2/ +In|x -3 =In|(x -2)-(x -3)| = In‘x2 -5x + 6‘ = de primitieven komen op hetzelfde neer.

Noemer:O:XZ+5X+4:O:(X+4)~(X+1):O:X:—4 v x =-1.Dus verticale asymptoten: x =—4 en x =-1.
£(x) = X244 £1(x) = (x*+5x+4)-2x - (x*+4)-(2x +5) _ 2x°+10x°+8x - (2x*+5x°+8x+20) _ _ 5x?-20

215x+4 (x3+5x +4) (x%+5x +4) T (xP+Bx 4P
£'(x)=0 (teller =0) = 5x2 -20=0=5x% =20 x° =4 = x=-2 v x =2. gr;i‘§<§33f4’5‘ﬁ‘€xz+5 J
Maximum (zie plot): #(-2) = 4{614 = % =-4. Rl o MEHLRY
4+4 _8_4 W= |28 Zcu:\m In
Minimum (zie plot): f(2) =51 N g %EEE;EE% £
. 36+4 _ 5-36-20 _160_16 _8 13 ZStandard
F(-6)=3g 30,210 - 4= A6, 4 en £(- 6)‘(36 30 + 4)2 =100-10 =5 =15 Herat ]

kiy= 7X+bdoorA(64):4 8. 6+5=4+98-4193-133-b Dus ki y =13 x+133.
k snijden met de x-as (y = 0):13X+133 0=>8 5 X = 133—68:)( 8. :%:8138(81,0)

k snijden met de y-as (x=0)= y=0+133 = C(O 133)

5 ’ 5/ N Z#5.5%13.6
owasc)=1-08-0c=1.81.133=57¢. . =78

X%+ 4 1+ —5Sx 1+ A L B _1,4 Alx +1) " Bx+4) _ LAXTA+Bx+ 48 _ (A+B)x +A+48
x2+B5x+4 (x+4)(x+1) x+4  x+1 (x+4)(x+1)  (x+4)x+1) (x+4)(x+1) (x +4)(x +1)
A+ B=-5

B=3=1% 2 _ 2
A+4B=O:>{A+§:%:>A+1 =b= A= —6§.

-38=

O

12 6
#}‘14 —J'( 3 X+1]dX [X—6%|n|x+4|+1%ln|x+1|J

=6- 62|n(10)+12ln(7) (o 62ln(4)+12In(1) =In(3)=6- 62In(10)+12|n(7)+62ln(4) 6+12|n(7)+62|n(2)

vy
f(x)= O(Teller—O)éX 0. 7‘(,\’)—/\”(1—1.,./\”r1 ﬁﬁx’}‘??ﬁ‘?“ g%?i;?_ﬁ
. V=5
o) = fx+1dx j( Lo)dx =[x - |n|x+1|]0_3-|n(4) (0-In)=3-In(4). | =izt | |
0
(x )2: X2 _q_ 2xsl g 2xsl g 2AxeD-1 g2 1
x+1 x2+2x+1 X 2r2x+1 (x +1)? (x +1)? X+l (x41)?°
; 3
I(L):J” (x+1) dx = J” (1= + Cr+ 7% d [”'(X‘z'“|x+1|—(X+1)_1)]0

3
[ (x-2n|x+1-L 1)}0:ﬂ-(3—2|n(4)—z)—ﬁ-(O—Zln(l)—l):2%ﬁ—27rlh(4)+7r:3%7r—27r|n(4).

7‘()()=In()(2 +)=F'(x)= le 2x = _2X

+1 x2+1°

Flix)=3= %=%:>3X2+3=10X:>3X2—10X+3=0(D:(—lO)Z—4-3-3:100—36764):>X=1O§f:/56_4=10g—'8.
+

10-8_2_1 _1n(l 1) = (10 _10+8 _18 _ _ _ WINOOW

X =g 6 3:y—ln(9+l)—ln(9)enx— % —6—33y—|n(9+1)—ln(10. min==2 i
ascl=1
F(x)=@) = In(x? +1) =)= x? +1=2= x? =1=x=-1v x =1 |JEnES | dnie-2
Y eBlnizZ) e
wpx=ll Hres=1




In()(2 +1)dx = d()(ln()(2 +1)) —)(dln(x2 +1)= d()(ln()(2 +1)) -X- X21+1 2x
= d(xIn(x? +1))-idx =d(xIn(x? + 1) - 22”) dx

:d(xln(x2+1)) (xln(x +1)) d(2x)+ d(Zar‘c'ran(X)):d(xln(xz+1)—2X+Zar'c‘ran(x)).

1
o) = [ (In@)-In(x? + 1))dx - [xln(Z) —xIn(x% +1)+2x - 20rcTan(X)J 11
-1 B

=In(2)-In(2) +2 -2arctan(l) - (-In(2) +In(2) -2 - 2arctan(-1)) =2 -2 - Lz +2+2.~tz=2-z+2-1z-4-z

Diagnostische toets
DlaE 3x2 -(X3 +2 )4 dx = (‘x3 + 2‘)4 d‘x3 +2‘ = d(%(x3 + 2)5) = F(x) :l(x3 + 2)5 +c.

Db & 3x~\/dx:3x~()%dx:%(‘x2+2‘)%d‘x2+2‘ [2 11(X +2) J:F(X):(x2+2)~\/)(2+2+c.

Dic cos(x)- (1 + ()3j dx = (1 + (\sin(x)\)sj disin(x)|= d(sin(x) +g (sin(x))4) = F(x)=sin(x)+ % sinf(x) +c.
DIdE  3x?-cos(lx? + 2)dx = cos(x® +2)dx® +2] = d(sin(x® +2)) = F(x) = sin(x® +2) +c.

Dle = (-)3 dx=6-(2x-1)3dx=3-(2x-1)3d2x-1]= (%(2)(—1)_2):F(x):—iz(z)il)z +

DIFE  2.(2x +3)In(x? +3x])dx = 2In(x2 + 3x[)dx? + 35| = d(2((x2 +3x)-In(x2 +3x) - (x2 +3x)).
Dus F(x)=2(x% +3x)-In(x? +3x) - 2(x% +3x) + c.

D2a = dox = ([In(x) )% Ldx = ()% din(x)|= d(lll(ln(x))lij =d(ZIn(x)-yfin(x)).
[Zm(x) Jin(x) ] =2In(e!)-\Ine") - 2In(1) - |in() =2 1.41-2.0-/0 =2

2 2
2 2 2 2 2
D2bE 2X-edX=ed=d(e"’ +1j:>j2x~e"’ +1dx=[e"’ +1} =t _ 0 _ 5,
0

0

D2cE  sin(x)-cos3(x)dx = —(\cos(x)\)3 d|cos(x)| = d(—%(cos(x))“).

1
27

j sin(x)- cos®(x)dx = [—%cos“(»«)} ~Leos*(lm)-~Lcos*(0)=-1-0%+1.1% =1,
b2de L xdx =L 3d® +1]=d(3in(x? +1).

=|3In(x? + 1)}1 - 3|n(32 +1)=3In(12 +1) = 3In(10) - 3In(2) = 3In(%2) = 3In(5).

»-u_,w
)<r\>0\
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D3b &

D3cE
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C. vou Schwantzenbeng 16/22

Beginvoorwaarde: X3 +420=x%2-4 (zit goed).

Flotl Flokz Flobz
8)( (x?+4)-8-8x-2x _ 8x2132-16x2 _ —8x%+32 [:1BBHZIHZ+
= = . |=NMeBE-S
f(x)= :> f' x)= (x +4)2 (X +4)2 (X2+4)2 Sﬁ:'/ MME’ET_E_
f! (x):O: *8)2( £32 _ 0 (teller = 0) = -8x% +32=0 = NV Loy .
(x"+4) e $m1n=3'3 i
Max=

8x%2=-32=>x%=4=x=-2vx=2 yecl=1 M\/
minimium (zie plot) is #(~2) = =3 = -2 en maximium (zie plot) is £(2) =16 =2.

f(X):1% §X4—5:8(X +4)= 58x=x%+4= 5X:X2—5X+4 O=(x-D)(x-4)=0=>x=1v x=4

d - -8xdx = 4d d(4ln‘x + 4‘)
4
{(f(x)—l%)dx=[4ln(x2+4)—% ] = 4In(20) - 32 — (4In(5) - &) = 4In(2) - 24 = 4In(4) - 4 2.

p
F(x) =85 =0 (teller - 0)=> 8x=0= x=0= jf(x)dx =[ 4In(x? +4)}’; — 4In(p? + 4) - 4In(0% + 4) = 4In(Z )

Jf(x)dx 8:4In(’0+4) 8= ln(p ) 2> 4—e :p +4=42° :p 462—4(p>0):p=\/4e‘2—4.

4xsin(2x)dx = -2xdcos(2x) = d(-2x cos(2x)) + cos(2x)d2x = d(-2x cos(2x)) + 2cos(2x)dx
=d(-2xcos(2x)) +dsin(2x) = d(-2x cos(2x) +sin(2x)). Dus F(x)=-2xcos(2x)+sin(2x)+c.

(2x +3)e¥ dx =(2x +3)de* =d(2x +3)e* —e* d(2x +3) =d(2x +3)e* —2e* dx
=d(2x +3)e¥ —d2e* =d((2x +3)e* —2e¥)=d((2x +1)e¥). Dus 6(x)=(2x +1)e* +c.

) o ) 00l 7 )47 Ll )
=d(%x3.|n(x))— X =d(§ 3.|n()()—§ 9), DusH(x):% .|n()()_§ ‘e

WTHOGH
Fx)=(x?-2x)- " = £'(x)=2x-2) e +(x% —2x)- ¥ =(x?-2)-&*. igzg;ﬁi‘fz?ﬁhx EE%%:E?
F'(x)=0=(x2-2)-e"=0=x%-2=0=x2=2x=-R vx=y2. = IW= ymin=d
maximium (zie plot) is £(—/2) = (2 +23/2)- e‘*/E en minimium (zie plot) is £(~N2) = (2 -2/2)- e‘/E. freact

f(x) = p heeft precies drie oplossingen (zie plot) voor 0 < p < (2 +242)- e V2, I ||

f(x)=0=(x°-2x)-e* =0=x%-2x=0=x(x-2)=0=>x=0v x=2.

(x% —2x)e* dx = (x% —2x)de* =d(x% - 2x)e* —e* d(x% —2x) =d(x? - 2x)e* - (2x —2)e* dx
=d(x? -2x)e* - (2x -2)de* =d(x? - 2x)e* —d(2x —2)e* +e* d(2x - 2)
=d(x? - 2x)e* —d(@x - 2)e* +2e¥ dx = d(x? - 2x)e* —d(2x - 2)e* + d2e*
=d(x? - 2x-2x+2+2)e* =d(x® - 4x + 4)e*.

2
O(V):j—f(x)d)«:[-(xz—4x+4)ex}z =(4-8+4)?+(0+0+4)e°=0+4-1=4.
0

4x%si n(2x)dx = —2x%d cos(2x)=d (—2X2 cos(ZX)) +cos(2x)d 2x% =d (—2/\’2 cos(ZX)) +4xcos(2x)dx
=d (—2)(2 cos(ZX)) +2xdsin(2x)=d (—2)(2 cos(ZX)) +d (2xsin(2x)) - sin(2x)d2x
=d (—2)(2 cos(2x)+2x sin(ZX)) -2sin(2x)dx =d (—2)(2 cos(2x) +2x sin(ZX)) +dcos(2x)
=d (—2)(2 cos(2x) +2xsin(2x) + cos(ZX)) = d((—2)(2 +1)cos(2x) +2x sin(ZX)).
Dus F(x) = (—2)(2 +1)cos(2x) +2xsin(2x) +c.
(X2 - x +2)e*X dx = (x% - x +2)de” = d(()(2 —X+2)eX)—eXd(X2 —X+2) = d(()(2 —X+2)eX)—(2x—1)eX dx
=d((x% - x +2)e*) - (2x ~1)de” =d((x? - x +2)e¥) - d((@x - De* ) + e d(2x 1)
= d((x2 —x+2)e* - (2x —l)e"’) +2e¥dx = d((x2 -3x+ 3)eX) +d2e*
= d((x2 -3x+ 5)eX). Dus &(x) = (x% -3x +5)e* +c.



D6cE e*¥sin(2x)dx =sin(2x)de* = d(ex sin(2x)) —e¥dsin(2x) = d(eX sin(ZX)) —e¥ . 2cos(2x)dx
=d(e* sin(2x)) - 2cos(2x)de” = d(e* sin(2x)) - d(2e* cos(2x)) + e¥ d(2cos(2x))
= d(eX (sin(2x)-2 cos(ZX))) —4e* sin(2x)dx.

Vit e¥ sin(2x)dx = d(eX (sin(2x) - 2cos(2x))) —4¢e* sin(2x)dx volgt nu
Be* sin(2x)dx = d(e* (sin(2x) - 2cos(2x))) = e* sin(2x)dx =d(L e* (sin(2x) - 2cos(2x)))
Dus H(x) = %ex (sin(2x)—2cos(2x)) +c.

1

D7a o [2 arcTan(x)] 1= =2arctan(l) —2arctan(-1)=2- n 2-— n = %ﬂ' + %Jt =7.
-1
20 4 1 2 1 1 4123 1, _2
D7b 2 j X2+4dX= J; dez j i )2 1d( X)= [ZGrcTan(EX)JO =20rcTan(J§)—20rc‘ran(O)=2~§7r:§7r.
2 . 2 2 1
- =l = — = — = — = =
D7c { 50X { oo 1)2 4 j )2 -d(x ~1) =[arctan(x - 1)]; = arctan(t) - arctan(0) = 4 7.
1 1
3x° - 1 3\ = 3 - _ N=1l,__1,_1_ .1__1
D7d2 _J.l X6+1dx—_f1 (X3)2+1d(x )—[arc‘ran(x )J 4 =arctan(l) - arctan(-1) = GG T=g T+ =57
37 ) b 1
O cos(x _(__ 1 . _ . 27
D7e (J; prIYT (J; prr Y] d(sin(x)) = arctan(sin(x))] 2
= ar‘c‘ran(sin(% ﬂ')) - arctan(sin(0)) = arctan(l) — arctan(0) = %ﬂ'.
1
D7f =& J %L(X)dx farcfanz(x)d arctan(x) = [ arc‘rcm3(X)J arc‘rcm3(1) ar'c'ran3(0) 1 (1 7r)3 ~1.03= 197 L 73,
0 :*4"3 192
[m) _1 1 _1 Flokl Flotz Flots
PR PO = s e B e
x° —4x+5 2> x%-4x+3=0=(x-1)(x-3)=0=>x=1v x=3. Wit anin= 3
1 1 wacl=1
4_ 1 _ _ 11 "r'min: =
owv)= I( F(x))dx = (I)(Z X2 4x+5) I( (x—2)2- 4+5) CI)(Z (x— 2)2+de Eggz:i

_[1 _1 1 _1 1 1
= [f x —arctan(x - Z)J 02 1-arctan(-1) - (E -0- ar‘cTan(—Z)) =547+ arctan(-2) = + y

2 7z +arctan(-2).

p
D8bE oOW)= If(x)dx :[arcfan(X—Z)]g :arcTan(p—Z):%fc: p—Z:Tan(%zr)zx/gz p=2+43.
2

D9a 2 1714)(2 dx = % . ﬁ&x = d(% . ar'csin(ZX)). Dus F(x)= ar'csm(Zx) +c.
D9b \/% dx = \/1_(17)2 d(x5) = d(arcsin(x5)). Dus 6(x) = ar'csin(x5) +c.
D9cE arcsin(2x)dx =d(xarcsin(2x))— x darcsin(2x) =d(x arcsin(2x)) — x - 1

——.2d
J1-(@x)? x

1 1 2y _ : 1 2
ﬁ e md(1—4x )—d(xar'csm(Zx))+§~2Wd(1 4x°)

=d(xarcsin(2x))+d N1-4x2 :d(xar'csin(ZX)+%-\/1—4x2). Dus H(x):xar'csin(Zx)+%\/1—4X +c.

D9d = %’i&"’)dx = arcsin?(x)darcsin(x) = d(% arcsin3(x)). Dus K(x)= ar'csm3(x)+c -
1 1

D10a = j{f:fdx: I3—ﬁdx:[3x—8ln|x+4|]1_1:3—81n(5)—(—3—8ln(3)):6+8In(3)—8ln(5):6+8ln(%).
-1

=d(xarcsin(@x)) - dx =d(xarcsin(2x)) +

1
2

3 3
2
DIOb E IX 2"’+4dx g(zx—i T 3jdx [ %X+183|n|2x—3|J2

=2-3+8In@3)-(4-2+LIn@) =8 +L8In@3)- 2 =1+ BIn@3).




Dlla &

D1lb 2
DllcE

D12a 2

D12b &

Dl2c 2

D12d 2

D13a 2

D13b &

D14aE

D14b

Noemer =0 = x +1=0= x =-1. Dus verticale asymptoot: x =-1.
Flx) = X2=2x —y fr(x) = XD @x=2)-(x*-2x) 1 _ 2x®-2x+2x-2-x*+2x _ xP+2x-2

Flatl Flokz Flot:
- Tt |
2 WIHDO

o (x +17 (x+17° (e e gnin= s
f'(X)=0(Teller=0):X2+2X—2:O(D=22_4.1._2=4+8:12):X:—ZZixl/ﬁ_—21r2x/§__1i\/§. Heel=l
o e gy ((1-VBY+2+2V3 142343424243 _ 6+443 3 _ 63412 _ AR
Max.: (zie plot): 7(-1-+/3) = A = e S 2/3_4.
(-1++38Y°+2-2V3 _1-2/3+3+2-2/3 _6-4/3 3 _6J3-12
Min.: (zie plot): F(-1++/3) = RPN PY 3 BB s =2J3-4.
f(x) = p heeft geen oplossingen (zie plot en D1la) voor —2+v3 —4 < x <23 - 4.

f(X)=O:%=O(TeIIer—O)3X -2x=0=>x(x-2)=0=>x=0v x=2.

)dx [ 2)( +3x - 3ln|x+1|}

x+1

2 2
OW)=[(-F(x)dx =[x +3~

0 0
=-3+6-3In(3)— (0-3In(1)) = 4 - 3In(3).

4x 4x+1 4x 1
x) =X =1- =1- -
Flx)= +1 x%+1 x%+1 x2+1

Want 4"’ dx= 2+1d(x +1)=2-dIn(x2 +1)=d2In(x? +1).

xXP+4x _q1. 8x-4 _q, 8x-2)+12 ., 8(x-2) 12 _ 8 w22
_q(x)—X “ax i a 1+( _2)2—1+ 27 —1+(X 2)2+(X 2)2—1+X_2+12 (x-2)".
Dus 6(x)=x+8In|x -2/ -12-(x - ) lic= x +8In|x - 2| S5t

= Fx)=x- 2ln(x +1)- arc‘ran(x)+c

A(x)=—,2X=3 _ 2x+6-9 _ 2x+6 __ 9 Xx)=In(x? + 6x +10) - 9arctan(x +3) +c.

() xX2+6x+10 x?+6x+10 x?+6x+10 (X+3)2+1:>H( )=In( )~ 9arctan( )
2x+6 1 2 9 9

nt dx = d{x“+6x+10| en dx = d(x +3).

Wa x2+6x+10 x2+6x+10 ( )e (x+3)%+1 (x +3)%+1 ( )
4

kx:—X =x%2-9+- 81 _x2_ 94 9 _x2 94 9

=77 It 0 7” Tt

Dus K(x)= x -9x+7 ar‘c‘ran(x+1)+c—§x —9x+27ar'c'ran(’()+c
3

A, B __ Ax-1) Bx+1) _Ax-A+Bx+B _(A+B)x-A+8B
1 (X+1)(X 1) x+1 -1 (x+D(x-1) (x+1)(x-1) (x+1)(x-1) (x+)(x-1) °

6
x2-
{;’*‘9 0 {‘9 3 L 443-0=4--3.

+B=6, 7 |A+B =0
28-6
4 4
le’_ldx = l(x‘—fﬁ%)dx =[-3In|x +1/+3In|x 1], = -3In(5) + 3In(3) - (-3In(3) + 3In(1)) = 6In(3) - 3In(5).
3x+2 __3x+2 __A_ B __Akx+l) B(x+3) _Ax+A+Bx+38 _(A+B)x+A+38
X+4x+3 (x+3)(x+1) x+3  x+1  (x+3)(x+1) (x+3)(x+1) (x+3)(x+1) (x+3)(x +1)
A+ B=3 B=-1 1 _ a1
{A+3B=2_:{A+32 3= AT2=3=4=37.
-28-=1
1 1 1
OX3+X4:2+3 j(x+3 s j [%n|x+3|—%ln|x+1|]0=3%|n(4)—%ln(Z)—(s%ln(s)—%ln(1))
=31In(2%) - 1In(2)-31In(3) = 7In(2) - 1In(2) -3 3In(3) = 6 1 In(2) - 31 In(3).

S B (S e (x-3| [WIHDO k
f(lx)= 0(‘rel|er—0)33x 6=0=>3x=6=>x=2. i Hmin=-1
We=Nl AMAE=0
Ascl=1

ow)= jf(x)dx j(3+—)dx [3x +3In|x ~3]% =6+ 3In(1) - (0 + 3In(3)) = 6 - 3In(3) EE%E?

Ares=1

2 2
r- i for-Jrrstfoe- fofptssgtlen T oo [
0 0

B z”(%%)d i”( 285 +9(0x ~3)2)dx = | 7(9x +18In|x -3 —9(x—3)-1)}(2)

><

=|7(9x +18In|x - 3|—L3)] 7(18+18In(1) + 9) - 7(0 +18In(3) + 3) = 277 —18In(3) — 37 = 247 - 18In(3).

2
0



Gemengde opgaven K. Voortgezette integraalrekening

1.2x-4)+4
= __x+2 _2( _1._2x-4 4 12 1,
639aE F(x) T oaxiB A dris "2 % 4)(+8+(X 274 :>F(X) In‘x 4X+8‘+20rc’ran( x-D+ec.
Want %%d/\/:% md(x2—4x+8) 1 dln‘x2 4X+8‘ dlln‘x2 4x+8‘
—4x+
4 — 1 _ — 2 1 )=d2 1 1
en (X_2)2+4dx %~(x—2)2+1dx T _1)2+1dx (%x—1)2+1d(2x )=d2arctan(z x -1).

639b =2 3x2 ~sin(x3)dx = sin(x3)d(x3) =d (—cos(x3)) dus F(x)= 3x2. sin(x3) = F(x)= —cos(x3) +c.

639c = cos(x)-31+sin(x)dx = 1+sin(X))% d(1+sin()())=d[‘11 (1+sin(x))3 j d(% (1+sin(x))-\3/1+sin(x)).
3
£(x) = cos(x)- 31 +sin(x) = F(x) = § (1+sin(x))- 31 +sin(x) +c.

G39dE (2x +4)-cos(2x)dx = %(2/\’ +4)dsin(2x) = (x + 2)dsin(2x) =d((x +2) - sin(2x)) — sin(2x)d(x + 2)
=d((x +2)-sin(2x)) - sm(ZX)dX d((x+2)-sin(2x)) + d( cos(ZX))
f(x)=02x +4) -cos(2x)= F(x)=(x+2) -sin(2x)+=5 > L cos(2x)+ec.

1

639eE 2X+1 gy 2% gy 1 gy=— 1 dU6-x%)+—4 _dx=-2. d(16-x L g4
V16— X2 V16— X2 V16— x2 N ( ) N \/6 X2 a 9 JI-(Y @

:—2d(\/16—X2)+d(ar'cfan(%x)). Dus f(x):%”:F(x):—Z 16— x2 +ar'cTan(%x)+c.

639f 2 Ad)(:—id X% _4x-3)=-2 d x% _4x-3)=d(-2V-x%-4x-3
V-x%-4x-3 V-x?-4x - - ) 2-x2 4)( - )=d= 3).
f(x)=——2x+4 :>FX=— x%_4x-3+c
()= 2 = F(x) =2l
63995 flx)=—2X+7 ___2x47 A, B __Ax+2) B(x+4) _ Ax+2A+Bx+4B _(A+B)x+2A+48
9= x2+b6x+8 (x+84)(x+2) “x+4 " x+2 (x+4)(x+2) (x+4)x+2) (x+4)(x+2) (x+4)(x+2)
A+ B=2 24+28=4 B=1% 1 ~
{2A+4B:7 x1 3{2A+43=7+3{A+32:23A+12—2:’A—
-2B8=-3 1
__2x+7 _1 1
f(X)—m:F(,\/)—EIn\X+4\+1§|n\x+2\+c. T-p

VERT

640a = F(r+ p)=4sind(z + p)cos(z + p) = 4(—sin(p))? - —cos(p) = ~4 sin?(p) cos(p).

f(z - p) = 4sin’(x - p)cos(x — p) = 4sin®(p) - —cos(p) = —4sin®(p) cos(p).
Voor elke p geldt: f(z+ p)=F(7— p)=delijn x =7 is symmetrieas van de grafiek van 7. -

G40bE f(x)= 4sin2(x)cos(x) =f'(x)=4-2sin(x)cos(x)-cos(x)+ 4sin2(x) -—sin(x) = 85in(x)cosz(x) - 4sin3(x).
f(x) = 4sin’(z)cos(z) = 4-02 . ~1=0 en £'(x) = 8sin(x) cos’(x) - 4sin3(x) =80 (-1)> -4.03 = 0.
Dus de grafiek van 7 raakt de x-as in (z, O).

640c B f(}7)=4sin’(3z)cos(7)=0= A(L7,0) en f'(; 7) =8sin(} 7)cos’ (L 1) - 4sin3(17)=8-1.0°-4.13 =4,
Raaklijn: y =—4x + b door A(1 7,0)=0=-4. 7r+ b= 2x =b.Dus raaklijn y =-4x +27.

=
Q
\ AN

640d 2 F(x)dx = 4sin?(x)cos(x)dx = 4sm2(x)dsm(x) d( sm3(x)):>F(x) —sm3(x)+c

1

o N\v-

o=2. jf(x)dx+2 j —F(x))dx = 2[ sm3(x)} [gsm3(x)}
0-

Flotl Flotz Flots
c s B2 CRE=4 2 WITHOOW
e EZE Amin= -5
AMEE=D
Ascl=1
Ymin=-5
“max=5
16 2 §5c1=1

=8 sm3(17r)—fsm3(0) ( sin3(r) - 8sm3(27r)) 8_

$-0-(0-4)-3+3-%-3

W=

(x°-4)-2-2x-2x _2x®-8-4x% _ _2x*-8 _ 8 __
G4la = f(x)— :f (x)= Py =AY ey Dus 7'(0) = C 4)2 =

De IiJn y = ax snijdt de grafiek van 7 in precies drie punten (zie plot) voor a < —% va>0.

:%:2)(2—8:6X:>2X2—6X—8:O:>x2—3x—4:0:>(x—4)(x+1):0:>)(:4vX:—l.

0= J'(f—f(x))dx j( )dx [3 In‘xz 4” =0-In(4) - (-2 -In(3)) =  +In(3) - In(4) = 2 +In(3).

WanT 2’( dx— d()(2 4)= d|n‘X2—4‘3F(X) ln‘x2—4‘+c



Flotl Flotz Flobz

C. vou Schwantzenbeng 20/22 SHABCZHEE-1 e
“h.—g  [WINDOW
LS Amin=-5
2 ' 2 X 2 x §Na>1< %
64208 f(x)=(2x+x -1)e* = F'(x)=(4x +De* +(2x° + x - 1)e* = (2x° +5x)e*. Gmine 1
f'(X)ZO:>(2X2+5X)6X20:>2X2+5X=0:>X(2X+5)=0:>X=0\/XZ—Z%. Eggz—?
_21 121 1
F(-21)=(2-6%-21-1ne"2 = 21 — JE en 7(0)=-1.e0=—1.1=—1= toppen (- 22, . \/_)en(O -1).
e 2
G42bE F(x)=(@x%+x-1e¥ =0=2x% + x-1=0 (D=12-4-2- 1=1+8=9) > x =2 F =1 v x="1+3_1

2-2 4 2
(2x% + x —1)e*dx = (2x? +X—1)deX=d((2X +x-1e* )—eXd(ZX +X—1)—d((2X +x-1)e* )—(4X+1)2Xd)(
= d((@x% + x ~1)e*) - (4x +Dde* =d((@x? + x - 1)e*) —(d((4x+1)ex) _eXd(4x +1))
= d((2x2 +x —l)eX) —d((4x +1)e* )+ 4e*dx = d((2x2 +x—1)eX —(4x +1)e* + 4eX) - d((2x2 “3x+ 2)eX).

1

2 1 1 _
OV) = [ (-F(x))dx = [ ~(2x2 - 3x +2)e* ]21 =~(2-3+2)e? --(2+3+2)e =—Je + L. |~
p » rr;IMEi ?5§2H%§+2) I.;.I>I<NI:IIII|.L| 1
~Mq 4 Min="- -
642cE [(-F(x)dx=1oW)= [-(2)(2 ~3x+ 2)ex} = (e+IZ)= ;Ee;g;gg( fearers gggf: i SR L et
71 Mln=
=Nz=l Ymax=
—(2,02 -3p+2)e” +% = %(—\/Z + Z) (intersect) = p = —0,113. NVE freis

G42d 2 omtrek(V) = 11 + booglengte = 11 + J',/1+ (F'(x) 2 dx = 11 + J'\/1+ (2)( +5x)e” ) dx (ntn‘r)

xX3+10x +1OX (x%+1)- (3x°+10) - (x3+10x) - 2x _ 3x*+10x%4+3x2+10-2x*-20x2 _ x*-7x2+10
G43aE f(X) = f (X) (X2+1)2 - (X2+1)2 h (X2+1)2
f'(X)ZO(Teller‘:O):>X4—7X2+10—0:>(X2 2)()(2 5)= O=x2=2vx?=5=x%=+/2 v x =15,
272 -10v2 _ 1242 2 10/2 12 o o o
f(_\/z) = \/;+1 \/— = 3\/— 4\/— en f(\/—) \/—2++1 \/— \/— 4\/— \?1%(?"":32+TE§)/(H

z
f(—ﬁ) _-5/5-1045 _ -155 _ 21 \/— en f(\/—) 545 +10\5 _ 15\/— _21 \/— wg:l w;{ﬂ?ﬁﬂ 3
5+1 6 5+1 = | Hmax=5

De Toppen zijn (-5, —21\/—) (- \/— -4\2), (V2,442), en (x/—,Zéx/—). Wiz erisls

sME=

Ymax=2

1 1 1-7+10 _ 4 _ psel=1

643b 2 F(1) = 1+1 =55 :>A(1 55 )en )= (1+I)2 _Z_l' Ares=1
Raaklijn: y = x + b door A(l, 55) = 5% =l+b= 4% =b. Dus de raaklijnis: y = x + 4%. ST,
G43cE f(x)= p heeft precies een oplossing (zie plot) voor p < 42 v _zlﬁ <p< 21\/5 v p> 42, 2'5“3?593159944

1
643d=2 "’3+7m1"’d/\’:xdx+9—xdx:d(1x2)+%d(x2+1):d(é )+41d|n(X +1)= d( X +4lln(X +1))

X+

0= jf(x)dx | 1%+ 4Lin(x? +1)} =2 +41In(10)- (0 + 4 1In(1)) = 41 + 4 1In(10). -

G440 B /\’3In(/\’)dx:In()()d(l ) d( X ln(x)) 4dln()() d(}lx In(x)) x4 ldx
( X In(x)) % x3dx = d( X ln(x)) (116 4) d( X ln(x)——x4)
fx)=x In(X):F(X):l 4n(x)——x4+c
G44b 2 Xln(x3)dx:x-3|n(x)d)(:3ln(x)d(§x ):d(l%len(x)) 11 2dln()() d(llx ln(x)) x? ldx
:d(l%len(x))—l%xdx:d(I%XZIn(X))— (i 2) d(llx In(x) - 3 2)
f(X):Xln(x3):F(X):lllen(x)—éxz+c.

644c 8 x" In(x)dx =In(x)d (54 ’”1)=d(nl+1 X In(x)) - L X dIn(x) = d (-1 X In(x)) - L xm Ldx
=d(- L5 5" n(x)) - -1 xdx = d( ’”lln(x))—d(r:l)zX’”lj:d("il X" Lin(x )-(Ml)zx"“).
f(x) = x"In(x) = F(x) =L x "+1|n( T x"+1+c.
G44d = Xln(X”’)dX=X~mln()()dx=mln(X)d(l ?)=d(Lmx? ln(x)) 1 mx?din(x) =d(1 mx?In(x)) - L mx? - Ldx
=d($mx ln(x)) L xmdx = d( mx?In(x)) - d4 mx? = d($ mx?in(x) - 4 mx?).

fn(x)=xIn(x™) = F(x) = mx 2n(x) - mx2+c



C. vou Schwantzenbeng 27/22 [ rere Pt
1B 1+cosCRa D
NV WINDOW MOEr 1071 - R 3. 10
645aE Maak een schets van de plot hiernaast. whes | Emaw=znm - PRESSIES
645b 8 £'(3,1)~ 0,707 en £'(3,1) = 0,707 Wiz | fnines e
1) = -0, en 7(3,1)=0,707. PE | ymae= . PREEES243E
Tk denk dat de grafiek de x-as niet raakt. (£'(r) = 0) Sress] 0 T 2z m

645c 2 F(x) =1+ cos(x) (gebruik nu: cos(2A4) = 2cos®(A) —1) = /1 + 26052(% x)-1
= \/Zcosz(%x) = ﬁ-\/cosz(%x) =\2. ‘cos(%x)‘ = ‘\/5 : cos(%x)‘.
Voor O< x <7 is cos(%x) >0=F(x)=+2- cos(%x) =Ff'(x)=~2- —sin(%x) : % = —%\/E : sin(%x).
lim 7'(x) = —%\/E'Sin(%ﬂ') = —%\/?lz —%\/5 # 0, dus de grafiek van 7 raakt de x-as niet.

X—>T

645d= O = ]E\/l +cos(x)dx = Tﬁ ~cos(3 x)dx = [zﬁ : sm(%x)]’g =242 sin(} 7)-2v2 sin(0) =22 - 1-0 =22,
0 0

G46a 2 f1(x)=2In2(x)-2In(x)=0= 2In(x) (In(x)-1)=0=In(x)=0 v In(x)=1=x=e"=1v x=el =e.

(21n2(x) ~ 2In(x)) dx = (2In(x) - (In(x) ~1)) dx = 2(n(x) ~1)d (xIn(x) ~ x) N e
=d (2(In(x)-1) - (xIn(x) - x)) -2 (xIn(x) — x)d(In(x) -1) w:;n I%EEE%E
:d(Z(In(x)—l).(xln(x)—x))—2.(x|n(x)_X).% dx EEEE HEEIST v
=d (2(n(x) 1) (xIn(x) - x)) -2 (In(x) - 1)dx yeeisi"
=d (2(n(x) - 1)- (xIn(x) - x)) - d (2 (xIn(x) - x - x) =
=d (2(In(x) -1)- (xIn(x) - x) - 2(xIn(x) - 2x)).

0= T(—fl(x)) dx =[-2(In(x) -1) - (xIn(x) - x) + 2(xIn(x) - 2X)]f
1
=-2(In(e) -1)- (eIn(e) — e) + 2(eln(e) - 2e) — (-2(In(1) - 1) - (In(1) - 1) + 2(In(1) — 2))
=—2(1-1)(e-1-e)+2(e - 1-2e)— (-2(0—1)(0-1)+2(0-2)) =0-2¢— (-2 -1-—1-4) =2 —(-2-4) = -2e + 6.
G46b fp(x) = 2|n2(x) -2pIn(x)=0=2In(x)-(In(x)-p)=0=In(x)=0 v In(x)=p= x = O=1vx=e”.
(2In2(x) - 2pIn(x))dx = (2In(x)- (In(x) - p)) dox =2(In(x) - p)d (xIn(x) - x)
=d (2(In(x) - p)- (xIn(x) - x)) -2 (xIn(x) - x)d(In(x) - p)
(2(n(x) - p)- (xIn(x) - x)) -2 (xIn(x) - x)- % dx
(20n(x) = p)- (xIn(x) - x))-2-(In(x) -1)dx
(
(

2(In(x) = p)-(xIn(x)—x))—d(2 (xIn(x) — x - x))
2(In(x) = p) - (xIn(x) — x)—2(xIn(x) + 2x)).

Q 0o o Ao

eP

O = [ (+£p(x))dx =[-2(n(x) - p) - (xIn(x) - x) + 2(xIn(x) - 2x)]5
1

=-2(In(e?) - p)- (e In(e”) - eP) + 2(e” In(e”) —2eP) - (-2(In(1) - p) - (In(1) - 1) + 2(In(1) - 2))
=-2(p-p)eP p-ef)+2(ef p-2eP)—(-2(0- p)(0-1)+2(0-2))=0+2pef —4ef +2p+4.
O=8=2pef —4ef +2p+4=8=¢ePRp-4)+2p-4=0=0p-4)e’ +1)=0=p=2v el =-1=p=2.

WTHOGN
GA7aE F(X)=x+e ¥ = Ff'(x)=l+e™¥ -1=1-¢&7". \E:gﬁﬁ‘% fmint s
\ _ _ N =
Fl(x)=0=1-e¥=0=1=e¥=-x=0=x=0. [-¥i= s pt

Mini _ is F(0)=0+e% -1 By (4i N ynax=y
inimum (zie plot) is £(0)=0+e"~ =1= B (zie plot) =[1,-). Mrez=1

p p
_ —_x1P _ _
G47TbE O(V,) = If(X)dXz J'(x+e X)dX:[%xz—e "’lp:%pz—e p—(%pz—e/’):e"’—e P
-p -p
O(Vp)=6zeP—e—l,,=6:»eP+6—eip=02(eP)2+6eP—1=0(sfe| e =)= 2 +6F+1=0(D=62-4-1--1=40)=

7"=_6;_5'\{%:_6i22m:—31'@37‘:6'0:—3—\/5(geenoplossing) v f=ep=—3+m:p=|n(—3+\/ﬁ).

0

GA7cE I(L)= (j')zr(f()())2 dx = ?n(x+e"")2 dx = TE(XZ +2xe~ +e‘2X)dX =[7r(%x3 —2xe X —2e7¥ —%e‘z"’” .
| | ] -
=7(0-0-2e0-1%)-7(-L+2e! -2e' -1 e?)=7(0-0-2-1)-x(-1-1e%)= (L% -2%)x.

2xe ¥dx =-2xde ™ =d(-2xe ) —e ¥d(-2x) =d(-2xe ¥) + 2 ¥dx =d(-2xe ¥)+ d(-2e ) = d(-2xe™* - 2e¥).



% 1 1
m __ 2 _ 2 _ 1 _ cos“(x) _ cos®(x) _ cos?(x)
G48a = f(x)dx = sin(2x) dx = 2sin(x)cos(x) dx = sin(x)cos(x) dx = sin(x)cos(x) ~ sin(x) dx = tan(x) dx
cos?(x) cos(x)
1
— sy X - ';‘fn((xx)) dx =] ( ;dtan(x) = din[tan(x)| = F(x) = Injtan(x)| + .
64868 f(x)dx =—l-dx =€ dx=-—L_de™ =-dhn[t+e™¥| = F(x)=-In(t+e¥)+c.
e +1 l+e l+e

648c 2 F(x)=(ax3 +bx% +cx +d)e® = F'(x) = (Bax? + 2bx + c)e?™ +(ax3 + bx® + cx + d)e?¥ .2

= (20)(3 +(Ba+2b)x% +(2b+20)x +(c + 2d)) -e?x

F'(x)=Ff(x)=> (2ax3 +(3a+2b)x% +(2b+20)x +(c + 20’)) e?X = (X3 -3x+ 2) -e?¥

_1
2a=1 972

3g+26=0 |1i+26=0=26=- Ejb:_%

= =
2b+2c=-3 1%+2c'_—3:>2€——11 =
c+2d =2

Yy =G -3 X% - 3x 1D 1e.

-3+2d=2=2d= zg:d 13 )

648d 2 F(x)dx = '"(S'QEX;) dx =In(sin(x))d tan(x) = d (In(sin(x)) - tan(x)) - tan(x)dIn(sin(x))
= d(In(sin(x))- tan(x)) — tan(x) A=< -cos(x)dx = d(In(sin(x)) - tan(x) -

=d(In(sin(x)) - tan(x) — x) = F(x) =In(sin(x)) - tan(x) - x + c.
648e B F(x)dx =+ —)(Zd,\/:d(,\/-\/1—,\/‘2j—,\/d\/1—x‘2 :d(x-\ll—xzj—x-z — -—ZXdde(X-\/l—ij—%dX
/ 2 x2-1 / 2 1-x2 1 _ NI N i
—d( X) rdx d( Xj T dX+J — dx d(x 1 X) x“dx +darcsin(x).
Uit V1-x2dx = d(x V1- j—\/ - dX+dar'csm(X) volgt nu:
2 1-x%dx = d( A1- +arcsm(x)j = \1-x%dx = d( A1- +éar‘csm(x))

Flx)=+ —x2 :>F(X)=%X~\/1—X2 +%ar‘csin(x)+c.

sin(x) 1
cos(x) sin(x)

-cos(x)dx

& 40 o [ [ i
X" nx1 sinfe) | 0 | L |4vZ |LV3B | 4
;{&q)g)i)b) Z?E;))( +b) iGN RSN EAEH AN
g(x) +h(x) g'(x)+A'(x) tan(@) | o |3V3 | 1 | V3 | ¢
9(x)- h(x) g'(x)-h(x)+ g(x)-h'(x)
% nx) 1 () + ' (x) - 1) f(x) F(x)
mx (n(x)) 1
x x X" ﬁxﬂ+
sin(x) cos(x) e.X e”
cos(x) —sin(x) sin(x) ~cos(x)+c
tan(x) —1+tan?(x) cos(x) sin(x)+c¢
SZ(X) 1+ tan?(x) of tan(x)+c
arctan(x) 1 cos (X ) .
x°+1 glax + b) ;~6(ax+b)+c
arcsin(x) 1 1
1-x2 i1 arctan(x)+c¢
arccos(x) -1 ;
1 12 g arcsin(x)+c¢
In|x| x In(x) xIn(x)-x
g(x)df(x)=d(g(x)-F(x)) - F(x)dg(x)
b
booglengte op [a,b] = .Nl + (7"()())2 dx
a




