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1a 2 2 2( ) sin( ) '( ) cos( ) (2 1) (2 1) cos( ).f x x x f x x x x x x x= + ⇒ = + ⋅ + = + ⋅ +  

1b 2( ) ( ) 3 '( ) '( ) (2 1) cos( ) ( ).G x f x G x f x x x x g x= + ⇒ = = + ⋅ + =  

 

�  
2a 2 5 5 3 5( ) 6 ( 1)  is van de vorm ( ) ' met ( ) 3  en ' 2 ,  maar ( ) 6 ( 1)  is dat niet.f x x x y f u u f u u u x h x x x= ⋅ + = ⋅ = = = ⋅ +  

2b 
  

13 3
2

4 4

2 310 10

7
( )  is van de vorm ( ) ' met ( )  en ' 4 ,  maar ( )  is dat niet.x x

ux x x
g x y g u u g u u x k x

+ +
= = ⋅ = = =  

2c  

 

3

4

3 310 1 1
2 2

Het primitiveren van ( )  lukt als 10 (4 1) 10 4  én 2  en 2 .x a

x x
l x x a c x c a c c a c a+

+
= + = ⋅ + ⇒ = = ⇒ = = ⇒ =  

 

3a     

1 1
2 2

1
2

11 1 1 2
34 4 4

11 2 1
3 64

( )d 4 1 d 4 1 d( 4 1 ) ( 4 1 ) d( 4 1 ) d (4 1) .

Dus ( ) (4 1) (4 1) 4 1 .

f x x x x x x x x x

F x x c x x c

 
= − = ⋅ − − = ⋅ − − = ⋅ ⋅ − 

 

= ⋅ ⋅ − + = − ⋅ − +

 

3b 
1 1
2 2

1
2

1

11 1 1
64 1

( )  zijn de primitieven van ( ) heeft de voorkeur.

( ) 4 1 ( 4 1 ) ( ) (4 1) (4 1) 4 1 .

a F ax b c f ax b

f x x x F x x c x x c

⋅ + + +

= − = − ⇒ = ⋅ ⋅ − + = − ⋅ − +

 

 

4a ( )   

2 3 2 3 2 2 4 2 41 1
4 4

( )d 2 ( 4 ) d ( 4 ) d( 4 ) d ( 4) .   Dus ( ) ( 4) .f x x x x x x x x F x x c= + = + + = + = + +  

4b       

1
12
2

1
2

1
2

12 2 2 2 2 2 21
1

12 2 2

( )d 6 1 d 3 2 1 d 3 1 d( 1 ) 3 1 d( 1 ) d 3 ( 1) .

Dus ( ) 2( 1) 2( 1) 1 .

g x x x x x x x x x x x x x

G x x c x x c

 
= ⋅ + = ⋅ ⋅ + = ⋅ + + = ⋅ + + = ⋅ + 

 

= + + = + ⋅ + +

 

4c ( )    

2 3 4 3 4 3 3 5 3 51 2
5 5

( )d 6 ( 1 ) d 2 ( 1 ) d( 1 ) d 2 ( 1) .   Dus ( ) ( 1) .h x x x x x x x x H x x c= ⋅ − = ⋅ − − = ⋅ − = − +  

4d ( )    

2 3 3 3 3 3( )d 3 sin( 1 )d sin( 1 )d( 1 ) d cos( 1) .   Dus ( ) cos( 1) .j x x x x x x x x J x x c= ⋅ − = − − = − − = − − +  

 

5a 3 4 41 1 1
3 124

( ) ( 3 4 ) ( ) (3 4) (3 4) .f x x F x x c x c= − ⇒ = ⋅ − + = − +  

5b 
1 1
2 2

1
2

1 2 21 1 1
2 52

( ) (2 3) 2 3 ( 2 3 ) ( ) (2 3) (2 3) 2 3 .f x x x x F x x c x x c= − ⋅ − = − ⇒ = ⋅ − + = − ⋅ − +  

5c 
    

2 1 1
11 2 1

( ) 4 ( ) 4 1 4 1 .
x x

f x F x x c x c
−− −

= = ⋅ ⇒ = ⋅ ⋅ − + = − ⋅ − +  

5d ( )   

    

2 2

2 2 22 1 1 1 1
3 3 32 3 2 3

( )d d  d( 2 3 ) d  ln ( 2 3 ) .   Dus ( )  ln 2 3 .x

x x
f x x x x x F x x c

− −
= = − ⋅ − = − ⋅ − = − ⋅ − +  

5e ( )1 1 1
4 4 4

( ) ln( 4 1 ) ( ) (4 1) ln(4 1) (4 1) (4 1) ln(4 1) (4 1) .f x x F x x x x c x x x c= + ⇒ = ⋅ + ⋅ + − + + = ⋅ + ⋅ + − ⋅ + +  

5f ( )( )
( )

    

2 2 2 2 2 21 1
2 2

2 2 21
2

( )d ln( 1 )d ln( 1 )d( 1 ) d ( 1) ln( 1) ( 1) .

Dus ( ) ( 1) ln( 1) ( 1) .

f x x x x x x x x x x

F x x x x c

= ⋅ + = ⋅ + + = ⋅ + ⋅ + − +

= ⋅ + ⋅ + − + +

 

 

6a ( ) ( )( )    

ln( ) 2 21 1 1
2 2

( )d d ln( ) d ln( ) d ln( ) d ln( ) .   Dus ( ) ln ( ) .
x
x xf x x x x x x x x F x x c= = ⋅ = = ⋅ = ⋅ +  

6b    

2 2 2 221 1 1
2 2 2

( )d d d d .   Dus ( ) .x x x xg x x x e x e x e G x e c− − − −   
= ⋅ = − ⋅ − = − ⋅ = − ⋅ +  

  
 

6c    

1 1
2 2

1
2

12 2 2 2 2 21 1 1 1
2 2 31

( )d 5 d ( 5 ) d( 5 ) d (5 ) .   Dus ( ) (5 ) 5 .h x x x x x x x x H x x x c
 

= ⋅ − = − ⋅ − − = − ⋅ − = − ⋅ − ⋅ − + 
 

 

6d     

   

2 2 2

2 2 2 21 1 1
2

1 1 2 1
( )d d d(  1 ) d(  1 ) d  1 .   Dus ( )  1 .x

x x x
j x x x x x x J x x c

+ + +

 
= = ⋅ + = + = + = + + 

 
 

 

7  

sin( )1
cos( ) cos( )

( ) ln( cos( ) ) '( ) sin( ) tan( ).x
x x

f x x f x x x= ⇒ = ⋅ − = − = −  

 

 

  

  

'( )d d ( )
dus
( )d d ( )

f x x f x

g x x G x

=

=
  

d ( )
d

'( )

dus 
d ( ) '( )d

f x
x

f x

f x f x x

=

=



G&R vwo B deel 3 K Voortgezette integraalrekening 
C. von Schwartzenberg 2/22 

�  
8a ( ) ( )    

 

 

 

1
16
6

1 1 1 (zie vraag 7)
2 2 2

11 1 1 1 1 1 1 1
2 2 3 2 2 2 2 20

0

tan( 2 )d tan( 2 )d( 2 ) d ln cos(2 ) d ln cos(2 ) .

tan(2 )d ln cos(2 ) ln cos( ) ln cos(0) ln( ) ln(1) ln(2 ) 0 ln(2).

x x x x x x

x x x
π

π
π −

= ⋅ = ⋅ − = −

 = − ⋅ = − ⋅ + ⋅ = − ⋅ + = − ⋅ + = ⋅
 ∫

 

8b 

( ) ( ) ( ) ( ) ( )

( )

  

   

 

 

 

1
13
3

1
1 4
4

3 2

2 2 31
3

3 3 3 31 1 1 1 1 1 1
3 3 3 3 3 4 4

31 1 1 1
3 2 2 3

sin ( )d sin ( ) sin( )d

1 ( cos( ) ) d cos( ) ( cos( ) ) 1 d cos( ) d (cos( )) cos( ) .

sin ( )d cos ( ) cos( ) cos ( ) cos( ) cos ( ) (cos( )

( )

x x x x x

x x x x x x

x x x x
π

π

π
π

π π π π

= ⋅

= − ⋅ − = − ⋅ = −

 = ⋅ − = ⋅ − − ⋅ −
 

= ⋅ − −

∫

( )3 51 1 1 1 1 1 1 1 1 1 1 1 11
2 2 3 8 2 3 8 2 2 12 2 1224 24
( 2) 2 2 2 2 2 2 2.⋅ − = ⋅ − − ⋅ ⋅ + = − − + = − +

 

8c ( ) ( )   

 

 

 

1
12
2

1
1 6
6

22 31
3

2 3 3 3 3 3 71 1 1 1 1 1 1 1 1 1 1 1 1
3 3 2 3 6 3 3 2 3 3 8 3 24 24

sin ( ) cos( )d sin( ) d( sin( ) ) d (sin( )) .

sin ( ) cos( )d sin ( ) sin ( ) sin ( ) 1 ( ) .

x x x x x x

x x x x
π

π

π
π

π π

⋅ = =

 ⋅ = ⋅ = ⋅ − ⋅ = ⋅ − ⋅ = − ⋅ = − =
 ∫

 

8d ( ) ( )    

 

 

 

1
16
6

2 32
3

3 3 3 3 32 2 1 2 2 1 2 2 1 2 2 1
3 3 6 3 3 2 3 3 8 3 3 40

0

sin(2 ) cos( )d 2sin( ) cos( ) cos( )d 2 cos( ) d cos( ) d cos( ) .

sin(2 ) cos( )d cos ( ) cos ( ) cos (0) ( 3) 1 3 3 3.

x x x x x x x x x x

x x x x
π

π
π

⋅ = ⋅ ⋅ = − ⋅ = −

 ⋅ = − = − + = − ⋅ + ⋅ = − ⋅ ⋅ + = −
 ∫

 

8e 
 

  

 
    

1 1 1 4 4 4 4 42 1 1
3 3 3 3 3 303 1 2 3 1

0 0

d 4 d 4 3 1 4 1 2 1 .
x x

x x x
+ +

 = ⋅ = ⋅ ⋅ + = ⋅ − ⋅ = ⋅ − ⋅ =
 ∫ ∫  

8f 
 

    

    

2 2 2

1 12 2 2 21 1 1 1 1 1 1
2 2 2 2 2 201 1 10

d d( 1 ) d( ln( 1)) d ln( 1) ln(1 1) ln(1) ln(2).x x

x x x
x x x x x

+ + +

 = ⋅ + = ⋅ + ⇒ = ⋅ + = ⋅ + − ⋅ = ⋅
 ∫  

8g    

 

 

 

1 1 1
2 2 2

1
2

1 12 2 2 2 2 2 21 1 1 1 1
2 2 2 31

2 2 2 2
2 2 21 1 1 1 1 1 2

3 3 3 3 3 3 3
00

1 d 1 d( 1 ) ( 1 ) d( 1 ) d ( 1) d ( 1) .

1 d ( 1) 1 (8 1) 8 1 (0 1) 0 1 9 3 1 1 9 8 .

x x x x x x x x x

x x x x x

   
⋅ + = ⋅ + + = ⋅ + + = ⋅ ⋅ + = ⋅ +  

  

 
⋅ + = ⋅ + ⋅ + = ⋅ + ⋅ + − ⋅ + ⋅ + = ⋅ ⋅ − ⋅ ⋅ = − =  ∫

 

8h ( )
 

    

 

4 4
4 1 21

2 11

d 2 d 2 d( ) d 2 d 2 2 2 2 2 .
x xx x x xe e
x x x

x e x e x e x e e e e e = ⋅ = = ⇒ = = − = −
  ∫  

8i ( )( )

( ) ( ) ( )

   

 

      

 

2 2 2 2 2 21 1
2 2

2 2
2 2 2 21 1 1 1 1

2 2 2 2 21
1

ln( 1 )d ln( 1 )d( 1 ) d ( 1) ln( 1) ( 1) .

ln( 1)d ( 1) ln( 1) ( 1) 5 ln(5) 5 2 ln(2) 2 2 ln(5) ln(2) 1 .

x x x x x x x x

x x x x x x

⋅ + = ⋅ + + = ⋅ + ⋅ + − +

 ⋅ + = ⋅ + ⋅ + − + = ⋅ ⋅ − − ⋅ ⋅ − = ⋅ − −  ∫

 

 

9a ( ) ( ) ( ) ( )( )   

 

 

 

2

2

2 2 3ln ( ) 1 1
3

2 2ln ( ) 3 3 3 31 1 1 1
3 3 3 31

1

d ln( ) d ln( ) d ln( ) d ln( ) .

d ln ( ) ln (2) ln (1) ln (2).

x
x x

x
x

x x x x x x

x x

= ⋅ = =

 = = − =
 ∫

 

9b ( ) ( )
 

    

 

2
2

21 1 1 1
ln( )ln( ) ln( )

d d ln( ) d ln ln( ) d ln ln( ) ln ln( ) ln ln( ) ln(2) ln(1) ln(2).
e

e
x x x ex x

e

x x x x x e e ⋅ = = ⇒ = = − = − = ∫  

9c    

 

 

 

 

3 3 32

32

32 2 2

3 2 2 2 2 22

2 2 2 3 21 1
6 6

1 1
2 2 0 11 1 1 1 1 1 1 1 1 (eventueel nog)

6 6 6 6 6 66 6 6 600

d d d( 2 ) d .

d .

x

x

x x xx

e

xx e e
e e e e ee

x e x x e x e

x e e e

− − −

− − −

 
= ⋅ = − ⋅ − = − ⋅ 

 

 = − ⋅ = − ⋅ − − ⋅ = − ⋅ + = − + = − + =
  ∫

 

 

10a ( ) ( )   

2 3 32 2
3 3

cos(2 ) cos( )d 1 2 sin( ) d( sin( ) ) d sin( ) sin( ) ( ) sin( ) sin ( ) .x x x x x x x F x x x c 
⋅ = − = − ⇒ = − + 

   
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10b ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( )( )

  

  

22 2 25 4 2 2

2 4 2 4

3 52 1
3 5

sin ( )d sin ( ) sin( )d sin ( ) d cos( ) 1 cos ( ) d cos( ) 1 cos( ) d cos( )

1 2 cos( ) cos( ) d cos( ) 1 2 cos( ) cos( ) d cos( )

d cos( ) cos( ) cos( ) .       Dus (

x x x x x x x x x x x

x x x x x x

x x x G

 
= ⋅ = − = − − = − − 

 
   

= − − + = − + −   
   

= − + −
3 52 1

3 5
) cos( ) cos ( ) cos ( ) .x x x x c= − + − +

 

 

11a ( ) ( ) ( ) ( )
  

   

 
  

 

 

2 2
2

2 ln( ) 21 1
2

2 ln( )2 21 1 (teller 0)
2

1 2 1 21
2

d 2 ln( ) d 2 ln( ) d ln( ) d 2ln( ) (ln( )) .

( ) 0 2 ln( ) 0 ln( ) 2 . Nu is ( ) d 2ln( ) ln ( ) .

Dus ( ) 2ln( ) ln ( ) 2ln(

x
x x

e ex
xe e

e

x x x x x x x

f x x x x e O V x x x

O V e e e

−
−

+

+−
=

−

= + ⋅ = + = +

 = ⇒ + = ⇒ = − ⇒ = = = = +
 

= + −

∫

( ) ( )2 2 2 21 1 1 1 1
2 2 2 2 2

) ln ( ) 2 1 1 2 2 ( 2) 2 4 2 4 .e −
+ = ⋅ + ⋅ − ⋅ − + ⋅ − = + + − =

 

11b ( )
 

  

 

 

  

6

2 ln( ) 2 2 2 21 1 1 1
2 2 2 21

1
2 2 21 1 (stel ln( ) )

2 2
6 1

( ) d 2ln( ) ln ( ) 2ln( ) ln ( ) 2ln(1) ln (1) 2ln( ) ln ( ).

( ) 6 2ln( ) ln ( ) 6 2 6 4 12 0 ( 6)( 2) 0 6 2.

ln( ) 6

p px
x

p t

e

O W x x x p p p p

O W p p t t t t t t t t

t p p e

+

=

−

 = = + = + − + = +
 

= ⇒ + = ⇒ + = ⇒ + − = ⇒ + − = ⇒ = − ∨ =

= = − ⇒ = = <

∫

2 (vold. niet)  (voldoet)1  en ln( ) 2 1 .t p p e= = ⇒ = >

 

 

12a     

2 1 1
2 24ln ( ) 2 21 1 1 1 1

2 24

 (vanwege )  (vanwege )
1 (zie ook een plot)

( ) ( ) 4ln ( ) 1 ln ( ) ln( ) ln( ) .

Beginvoorwaarde: 0  en 0 0.

( ) ( ) .

x
x x e

f g

e

f x g x x x x x x e x e e

x x x

f x g x x e

−
= ⇒ = ⇒ = ⇒ = ⇒ = − ∨ = ⇒ = = ∨ = =

> ≠ ⇒ >

≤ ⇒ ≤ ≤

 

12b ( ) ( ) ( ) ( )( )   

 

 
 

 

 

  

2

1
12
22

1
2

1
2

1 1 1 1
2 2 2 2

2 2 34ln ( ) 41
3

4ln ( ) 341
3

3 3 3 34 4 4 41 1 1 1 1 1 1 1
3 3 2 3 2 2 3 2 2 6 2 6

d 4 ln( ) d 4 ln( ) d ln( ) d ln( ) .

( ) d ln( ) ln ( )

ln( ) ln ( ) ln( ) ln ( ) ( ) ( )

x
x x

e ex
x x e

e

x x x x x x

O V x x x

e e e e

−

−

− −

= ⋅ = =

   = − = −    

 
= − − − = − ⋅ − − + ⋅ − = − + − 

 

∫

2
3
.=

 

 

13a 
          

    

 

 

3 2 2 4 42 4

3 3 2 3 2 3 2

4

3 2

3 3 3 3

( 4) 6 3 3 6 24 93 3 24
4 ( 4) ( 4) ( 4)

43 24  (teller 0)
( 4)

Beginvoorwaarde: 4 0 4 4. Dus V.A.: 4.

( ) '( ) .

'( ) 0 0 3 24 0

3

x x x x x x xx x x
x x x x

x x
x

x x x x

f x f x

f x x x

x

+ − + − − +

+ + + +

− +
=

+

+ ≠ ⇒ ≠ − ⇒ ≠ − = −

⋅ ⋅
= ⇒ = = =

= ⇒ = ⇒ − + = ⇒

− ⋅   

3 3

0 12 (zie plot)  (zie plot)
124

 (zie plot)

( 8) 0 0 8 0 2.

minimium  is (0) 0 en maximium  is (2) 1.

( )  heeft precies drie oplossingen  voor 0 1.

x x x x x

f f

f x p p

− = ⇒ = ∨ = ⇒ = ∨ =

= = = =

= < <

 

13b    

   

 
 

 

  

  

2

3 3 3

32

3

3 3

2 3 33 1 1

4 4 4

43 33
44 0

0
4 4 32 3 2 3 2 2

4 4

d 3 d d 4 dln 4 .

( ) d ln( 4) ln( 4) ln(4) ln( ).

( ) 2 ln( ) 2 4 4 4 4 4 4.

x

x x x
p p px
x

p p

x x x x x

O V x x p

O V e p e p e p e

+ + +

+

+

+ +

= ⋅ = + = +

 = = + = + − =
 

= ⇒ = ⇒ = ⇒ + = ⇒ = − ⇒ = −

∫

 

 

14a 

( )  

  

( ) ( ) ' '( ) ( ) ( ) '( ) dus

d ( ) ( ) d ( ) ( ) ( ) d ( )
( )d ( ) ( )d ( ).

f x g x f x g x f x g x
f x g x f x g x f x g x

g x f x f x g x

⋅ = ⋅ + ⋅  
⋅ = ⋅ + ⋅

= +

 14c 

( )

( )
  

   

21
2

2 2 21 1 1
2 2 2

( ) ln( ) en ( )  invullen in

( )d ( ) d ( ) ( ) ( )d ( )

geeft ln( )d d ln( ) d ln( ).

g x x f x x

g x f x f x g x f x g x

x x x x x x

= =

= ⋅ −

= ⋅ −

 

14b ( )
( )

( )

   

  

  

d ( ) ( ) ( )d ( ) ( )d ( )

( )d ( ) d ( ) ( ) ( )d ( )

( )d ( ) d ( ) ( ) ( )d ( ).

f x g x g x f x f x g x
g x f x f x g x f x g x
g x f x f x g x f x g x

⋅ = +

− = − ⋅ +

= ⋅ −

 14d 

( )
( )

  

 

2 2 21 1 1 1
2 2 2

21 1
2 2

Herleiden van het rechterlid geeft

ln( )d d ln( )

d ln( ) d .

xx x x x x dx

x x x x

= ⋅ − ⋅

= ⋅ −
 

 

fg

g

f

f

2

3 4x = −

1
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14e ( )
( )
( )

  

 

2 21 1 1
2 2 2

2 2 21 1 1
2 2 4

2 21 1
2 4

ln( )d d ln( ) d  verder herleiden geeft

ln( )d d ln( ) d

d ln( ) .

x x x x x x

x x x x x

x x x

= ⋅ −

= ⋅ −

= ⋅ −

 14f 2 21 1
2 4

Dus ( ) ln( )  is

een primitieve van ( ) ln( ).

H x x x x

h x x x

= ⋅ −

=

 

�  

15 ( )
( )

   

 

2 2 21 1 1
2 2 2

2 21 1
2 2

21
2

sin( )d sin( )d d sin( ) dsin( )

d sin( ) cos( )d .

cos( ) is nog ingewikkelder dan de oorspronkelijke sin( ), dus deze methode werkt niet.

x x x x x x x x x

x x x x x

x x x x

= = ⋅ −

= ⋅ −

 

 

16a ( ) ( ) ( )   

2 2 2 2 2 2 2 2 2 21 1 1 1 1 1 1 1 1
2 2 2 2 2 24 4 4

d d d d d d d ( ) .x x x x x x x x x xxe x x e xe e x xe e xe e F x xe e c= = − = − = − ⇒ = − +  

16b ( ) ( )
( ) ( )

     

 

2 cos( )d 2 dsin( ) d 2 sin( ) sin( )d2 d 2 sin( ) 2sin( )d

d 2 sin( ) d2cos( ) d 2 sin( ) 2cos( ) .         Dus ( ) 2 sin( ) 2cos( ) .

x x x x x x x x x x x x x
x x x x x x F x x x x c

= = − = −

= + = + = + +

 

16c ( )
( ) ( )
( ) ( )
( )

   

  

  

3 3 2 2 3 2 31 1 1
2 2 2

2 3 2 2 2 3 231 1 1 1
2 2 2 2

2 3 2 2 2 3 2 2 2 23 3 31 1
2 24 4 4

2 3 2 2 23 31
2 4 4

ln ( )d ln ( )d d ln ( ) dln ( )

d ln ( ) 3ln ( ) d d ln ( ) ln ( )d

d ln ( ) ln ( )d d ln ( ) d ln ( ) dln ( )

d ln ( ) ln ( ) 2ln(

x

x x x x x x x x x

x x x x x x x x x x

x x x x x x x x x x

x x x x x

= = −

= − ⋅ ⋅ = − ⋅

= − = − +

= − + ⋅ ( )
( ) ( )
( )

  

  

 

2 3 2 23 31 1
2 24

2 3 2 2 2 2 3 2 2 2 23 3 3 3 31 1
2 24 4 4 4 4

2 3 2 2 2 2 2 3 2 2 23 3 3 3 31 1 1
2 24 4 4 4 4

) d d ln ( ) ln ( ) ln( )d

d ln ( ) ln ( ) ln( )d d ln ( ) ln ( ) d ln( ) dln( )

d ln ( ) ln ( ) ln( ) d d ln ( ) ln ( ) ln(

x

x

x x x x x x x x x

x x x x x x x x x x x x x x

x x x x x x x x x x x x x x

⋅ = − +

= − + = − + −

= − + − ⋅ = − +( )
( ) ( )

 

3
4

2 3 2 2 2 2 2 3 2 2 2 23 3 3 3 3 31 1
2 8 2 84 4 4 4

) d

d ln ( ) ln ( ) ln( ) d d ln ( ) ln ( ) ln( ) .

x x

x x x x x x x x x x x x x x

−

= − + − = − + −

 

2 3 2 2 2 23 3 31
2 84 4

Dus ( ) ln ( ) ln ( ) ln( ) .F x x x x x x x x c= − + − +  

16d ( ) ( )
( ) ( )

    

 

3 4 4 4 4 41 1 1 1 1 1
4 4 4 4 4

4 3 4 4 4 4 4 41 1 1 1 1 1 1 1
16 16 164 4 4 4 4

ln( )d ln( )d d ln( ) dln( ) d ln( ) d

d ln( ) d d ln( ) d d ln( ) .   Dus ( ) ln( ) .

xx x x x x x x x x x x x x

x x x x x x x x x x F x x x x c

= = − = − ⋅

= − = − = − = − +

 

 

17a ( )
( ) ( ) ( )

( )

     

 

 

 

 

2 2

2 2 2

1 12 0

0
0

2 ( 1)d (2 2 )d 2 d 2 d 2 d d d 2 d2 d

d 2 2 d d d 2 d2 d d 2 2 .

2 ( 1)d 2 2 2 2 1 0 2 0 1 2 3.

x x x x x x

x x x x x x

x x x

x e x xe x x xe x x x x e x xe e x x

xe e x x xe e x xe e x

x e x xe e x e e e

+ = + = + = + = − +

= − + = − + = − +

 + = − + = − + − − + = + =
 ∫

 

17b ( ) ( )
( ) ( )

    

 

 

 

 0
0

(3 1) sin( )d (3 1)d( cos( )) d (3 1)cos( ) cos( )d(3 1) d (3 1)cos( ) 3cos( )d

d (3 1)cos( ) d3sin( ) d (3 1)cos( ) 3sin( ) .

(3 1) sin( )d (3 1)cos( ) 3sin( ) (3 1)cos(

x x x x x x x x x x x x x
x x x x x x

x x x x x x
π

π
π π

+ = + − = − + − − + = − + +

= − + + = − + +

+ = − + + = − +  ∫ ( )

( )

) 3sin( ) (0 1) cos(0) 3sin(0)

(3 1) 1 0 1 1 0 3 1 1 3 2.

π

π π π

+ − − + ⋅ +

= − + ⋅ − + − − ⋅ + = + + = +

 

 

18 ( ) ( ) ( ) ( ) ( )    

1ln( )d d ln( ) dln( ) d ln( ) d d ln( ) 1d d ln( ) d d ln( ) .

Dus een primitieve van ( ) ln( ) is ( ) ln( ) .
xx x x x x x x x x x x x x x x x x x x

f x x F x x x x

= − = − ⋅ = − = − = −

= = −

 

 

19a 

 

  

   

1
2

1
2

1 1 1
2 2 2

2 2 1   BV: 0

1 1 1 (vold. niet)
2

2 1 1 1 1 1 1 1
2 2 2 2

( ) ln( ) '( ) 2 ln( ) 2 ln( ) .

'( ) 0 2 ln( ) 0 (2ln( ) 1) 0 0 ln( ) .

( ) ( ) ln( ) ( , ).

x x

e
e

e e ee

f x x x f x x x x x x x

f x x x x x x x x x e

f e e e e A

>

−

− − − −

= ⇒ = ⋅ + ⋅ = +

= ⇒ + = ⇒ ⋅ + = ⇒ = ∨ = − ⇒ = = =

= ⋅ = ⋅ − = − ⋅ = − ⇒ −

 

19b ( ) ( )
( ) ( ) ( )

( )

    

 

 

 

 

2 3 3 3 3 31 1 1 1 1 1
3 3 3 3 3

3 2 3 3 3 31 1 1 1 1 1
3 3 3 9 3 9

3 3 3 3 3 31 1 1 1 1 1 1 1 1
3 9 3 9 3 9 3 9 91

1

ln( )d ln( )d d ln( ) dln( ) d ln( ) d

d ln( ) d d ln( ) d d ln( ) .

( ) ( )d ln( ) ln( ) ln(1) (0

x

e e

x x x x x x x x x x x x x

x x x x x x x x x x

O V f x x x x x e e e e e

= = − = − ⋅

= − = − = −

 = = − = − − − = − − −
 ∫

32 1
9 9

) .e= +

 

   ' d d d df g x g f fg f g= = −
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20a 
          

2 1

2 2 2 34

1
2

1
12
2

ln( ) 2ln( ) 2 ln( ) 1 2ln( )
   BV: 0

( )

1 (teller 0)
2

ln( ) 1 1 1 (zie plot)  (zie pl
2 2

( ) '( ) .

'( ) 0 1 2ln( ) 0 2ln( ) 1 ln( ) .

maximum  is ( ) B

xx x xx x x x x
x

x x xx

e
fe e e e

f x f x

f x x x x x e e

f e

− − −
>

=

⋅ ⋅
= ⇒ = = =

= ⇒ − = ⇒ − = − ⇒ = ⇒ = =

= = = ⋅ = ⇒ 1ot)
2
, .
e
= ←


 

20b ( ) ( ) ( )
( ) ( ) ( ) ( )

      

  

 

  

 

2

ln( ) ln( )2 1 1 1 1 1 1

ln( ) ln( ) ln( ) ln( ) 12 1 1

 (teller 0)

ln( ) 1

1

d ln( ) d ln( )d ln( )d d ln( ) dln( ) d d

d d d d d d .

( ) 0 ln( ) 0 1.

( ) ( )d

x x
x x x x x xx

x x x x
x x x x x

e
x
x

x x x x x x x x x x

x x x

f x x x

O V f x x

− − −

− −− −

=

− −

= ⋅ = − = = − − − = − + ⋅

= − + = − − = − − =

= ⇒ = ⇒ =

= =
∫ ( ) ( )

 

    
    

 

ln( ) 1 ln(1) 1 0 11 1 2
1 11

1.
e e

e e e
− − − − − −− − = − = − = − +

 

 

 

21a     

2 2 2 2 2d d d d d 2 d .x x x x x xx e x x e x e e x x e xe x= = − = −  

21b          2 d 2 d d2 d2 d2 2 d d2 d2 d(2 2 ).x x x x x x x x x xxe x x e xe e x xe e x xe e xe e= = − = − = − = −  

21c   

2 2 2 2 (zie 21a)  (zie 21b)
2 2

d d 2 d d d(2 2 ) d( 2 2 ).

Dus ( ) 2 2 ( 2 2) .

x x x x x x x x x

x x x x
x e x x e xe x x e xe e x e xe e

F x x e xe e c x x e c

= − = − − = − +

= − + + = − + ⋅ +

 

 

�  
22 

( )
( )

     

  

  

sin( )d sin( )d d sin( ) dsin( ) d sin( ) cos( )d d sin( ) cos( )d

d sin( ) d cos( ) dcos( ) d sin( ) cos( ) sin( )d .

Uit sin( )d d sin( ) cos( ) sin( )d  volg

x x x x x x x x

x x x x x x

x x x x

e x x x e e x e x e x e x x e x x e

e x e x e x e x e x e x x

e x x e x e x e x x

= = − = − = −

= − + = − −

= − −

( ) ( )  

1 1
2 2

1 1
2 2

t nu

2 sin( )d d sin( ) cos( ) sin( )d d sin( ) cos( ) .

Dus ( ) sin( ) cos( ) .

x x x x x x

x x

e x x e x e x e x x e x e x

G x e x e x c

= − ⇒ = −

= − +

 

 

23a     

  

 

2 2 2 2 21 1 1 1 1 1
24 4 4 4 4

2 21 1 1 1 1
2 2 24 4

2 21 1 1 1 1 1
2 2 2 24 4

cos( )d dsin( ) d sin( ) sin( )d d sin( ) sin( )d

d sin( ) dcos( ) d sin( ) d cos( ) cos( )d

d sin( ) d cos( ) cos( )d d sin( ) d cos( ) d sin

x x x x x x x x x x x x x x

x x x x x x x x x x

x x x x x x x x x x

= = − = −

= + = + −

= + − = + −

( )2 21 1 1 1 1 1
2 2 2 24 4

( )

d sin( ) cos( ) sin( ) . Dus ( ) sin( ) cos( ) sin( ) .

x

x x x x x F x x x x x x c= + − = + − +

 

23b 

( )
( )

     

 

 

cos( )d dsin( ) d sin( ) sin( )d d sin( ) sin( )d d sin( ) dcos( )

d sin( ) d cos( ) cos( )d d sin( ) cos( ) cos( )d .

Uit cos( )d d sin( ) cos( )

x x x x x x x x

x x x x x x

x x x

e x x e x e x x e e x e x x e x e x

e x e x x e e x e x e x x

e x x e x e x

− − − − − − − −

− − − − − −

− − −

= = − = + = −

= − + = − −

= − −

( ) ( )
( ) ( )

 

   

1
2

1 1
2 2

cos( )d  volgt nu

2 cos( )d d sin( ) cos( ) cos( )d d sin( ) cos( ) .

Dus ( ) sin( ) cos( ) sin( ) cos( ) .

x

x x x x x x

x x x

e x x

e x x e x e x e x x e x e x

G x e x e x c e x x c

−

− − − − − −

− − −

= − ⇒ = −

= − + = − +

 

23c ( ) ( )
( ) ( )
( )

    

    

 

 

2 2 2 2 2 2

2 2 2 2 2

2 2 2

2 2

sin( )d dcos( ) d cos( ) cos( )d d cos( ) 2 cos( )d

d cos( ) 2 dsin( ) d cos( ) d2 sin( ) sin( )d2

d cos( ) 2 sin( ) 4 sin( )d .

Uit sin( )d d c

x x x x x x

x x x x x

x x x

x x

e x x e x e x x e e x e x x

e x e x e x e x x e

e x e x e x x

e x x e

= − = − + = − +

= − + = − + −

= − + −

= −( )
( ) ( )

( ) ( )

 

   

2 2

2 2 2 2 2 21
5

2 2 21 1
5 5

os( ) 2 sin( ) 4 sin( )d  volgt nu

5 sin( )d d cos( ) 2 sin( ) sin( )d d cos( ) 2 sin( ) .

Dus ( ) cos( ) 2 sin( ) cos( ) 2sin( ) .

x x

x x x x x x

x x x

x e x e x x

e x x e x e x e x x e x e x

H x e x e x c e x x c

+ −

⋅ = − + ⇒ = − +

= − + + = − + +

 

 

24a 

( ) ( )

    

  

 

 

2 2 2 2 2

2 2

2 2 2

3
2 2

1

( ) d ( )d d( ) d( ) d( ) (2 1) d

d( ) (2 1)d d( ) d(2 1) d(2 1)

d( ) d(2 1) d2 d ( ) (2 1) 2 d ( 3 3) .

( ) d ( 3

x x x x x x

x x x x x

x x x x x x x

x

x x e x x x e x x e e x x x x e x e x

x x e x e x x e x e e x

x x e x e e x x e x e e x x e

x x e x x

− = − = − − − = − − −

= − − − = − − − + −

= − − − + = − − − + = − +

− = −∫
 

 

3 3 3

1
3) (9 9 3) (1 3 3) 3 .xx e e e e e + = − + − − + = −

 
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24b ( ) ( )
( ) ( ) ( )
( )

     

   

 

2 2 2 2 2 2 2 2 2 21 1 1 1 1 1
2 2 2 2 2

2 2 2 2 2 2 2 2 21 1 1 1 1 1
2 2 2 2 2 2

2 2 2 21 1 1 1 1
2 2 2

ln ( )d ln ( )d d ln ( ) d ln ( ) d ln ( ) 2ln( ) d

d ln ( ) ln( )d d ln ( ) ln( )d d ln ( ) d ln( ) d ln( )

d ln ( ) ln( ) d d

x

x

x x x x x x x x x x x x x x

x x x x x x x x x x x x x x x

x x x x x x

= = − = − ⋅ ⋅

= ⋅ − = ⋅ − = ⋅ − ⋅ +

= − + ⋅ = ( )
( ) ( )

 

 

 

 

2 2 21 1
2 2 2

2 2 2 2 2 2 2 21 1 1 1 1 1
2 2 2 24 4

2 2 2 2 2 2 2 2 2 2 21 1 1 1 1 1 1 1 1 1 1
2 2 2 2 2 24 4 4 4 41

1

ln ( ) ln( ) d

d ln ( ) ln( ) d d ln ( ) ln( ) .

ln ( )d ln ( ) ln( ) 1 1 ( 0 0 ) .
e e

x x x x x x

x x x x x x x x x x

x x x x x x x x e e e e

− +

= − + = − +

 = ⋅ − ⋅ + = ⋅ − ⋅ + − ⋅ − ⋅ + = −
 ∫

 

 

25a 

  

 

1
2

1 22
2

2 2 2

2 2 5 1
2 2

2 09 91 (zie plot)  (zie plot)
2

( ) (2 1) '( ) (4 1) (2 1) (2 5 ) .

'( ) 0 (2 5 ) 0 2 5 0 (2 5) 0 0 2 .

max.  is ( 2 ) 9  en min.  is (0) 1 1.

x x x x

x

e ee

f x x x e f x x e x x e x x e

f x x x e x x x x x x

f e f e−

= + − ⇒ = + + + − = +

= ⇒ + = ⇒ + = ⇒ + = ⇒ = ∨ = − = −

− = ⋅ = = = − ⋅ = −
⋅

 

25b 
    

  

  

    

 

2 2 2

1 3 1 3 42 1
2 2 24 4 4

2 2 2 2 2

2

( ) 0 (2 1) 0 2 1 0 met 1 4 2 1 9 3

1.

(2 1) d (2 1)d d(2 1) d(2 1) d(2 1) (4 1) d

d(2 1) (4 1)d d(2

x

x x x x x x

x x

f x x x e x x D D

x x

x x e x x x e x x e e x x x x e x e x

x x e x e x

− + − − −

= ⇒ + − = ⇒ + − = = − ⋅ ⋅ − = ⇒ =

= = = ∨ = = = −
⋅

+ − = + − = + − − + − = + − − +

= + − − + =

( )

 

   

 

  

 

1 1
12 2 12 2

2

2 2

2 2

2 32
241

1 1

1) d(4 1) d(4 1)

d(2 1) d(4 1) 4 d d(2 1) d(4 1) d4

d(2 1 4 1 4) d(2 3 2) .

( ) 0 ( ) d ( )d (2 3 2) ( 2) (2 3

x x x

x x x x x x

x x

x

x e x e e x

x x e x e e x x x e x e e

x x x e x x e

O V f x x f x x x x e e
−

− −

+ − − + + +

= + − − + + = + − − + +

= + − − − + = − +

 = − = − = − − + = − − + + +
 ∫ ∫

1
21 712) 7 .e ee e e−

+ = − + ⋅ = −

 

 

26a 

      

   

 

2

2

ln ( ) 2 (teller 0)  BV: 0

ln ( ) 2 2 2 21

4ln( )2 21

2 2

( ) 0 ln ( ) 0 ln( ) 0 1.

d ln ( ) d ln ( )d2 d2 ln ( ) 2 d ln ( )

d2 ln ( ) 2 2ln( ) d d2 ln ( ) d

d2 ln ( ) 4ln( )d2 d2 ln ( ) d8

x
x

x
x
x x

x
x x

f x x x x

x x x x x x x x x

x x x x x x x x

x x x x x x

= >= = ⇒ = ⇒ = ⇒ =

= ⋅ = = ⋅ −

= ⋅ − ⋅ ⋅ = ⋅ −

= ⋅ − = ⋅ −

( )

 

 

 

2 2 81

2 2

ln( ) 2 d4ln( )

d2 ln ( ) d8 ln( ) 2 4 d d2 ln ( ) d8 ln( ) d

d2 ln ( ) d8 ln( ) d16 d 2 ln ( ) 8 ln( ) 16 .

x x

x x x x

x x x x x x x x x x x

x x x x x x x x x x

⋅ +

= ⋅ − ⋅ + ⋅ ⋅ = ⋅ − ⋅ +

= ⋅ − ⋅ + = ⋅ − ⋅ +

 
 

 

 

2 2 2

1
1

( ) ( )d 2 ln ( ) 8 ln( ) 16 2 1 8 1 16 (2 0 8 0 16) 10 16.
e e

O V f x x x x x x x e e e e = = ⋅ − ⋅ + = ⋅ − ⋅ + − ⋅ − ⋅ + = −
 ∫  

26b ( )
 

  

 

    

4

4

2 ln ( ) 5 5 5 5 51 1 1 1 1 1
5 5 5 5 5 51

1 1
ln ( ) 4 51

5

( ) ( ) d d ln ( ) ln ( ) ln (1) 1 0 .

Immers: d ln ( )d ln( ) d ln ( ).

e e ex
x

x
x

I L f x x x x e

x x x x

π π  = ⋅ = ⋅ = = − = ⋅ − ⋅ =
 

= =

∫ ∫  

 

27ab       27cd 

 

 

 

 

 

 

 

 

 

Het spiegelbeeld is de grafiek van een functie.   
(want bijvoorbeeld 4 heeft twee beelden, namelijk 2 en 2)

Het spiegelbeeld is niet de grafiek van een functie.
x = −

 

27e 2 Bij het domein 0,  is het spiegelbeeld van de grafiek van ( )  wel de grafiek van een functie, 

namelijk de functie ( ) .

g x x

h x x

→ =
=

 

f

y x=

2 log( )y x=

 y x= −

y x=

g

y x=
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28a   

     

      

        

2

2 2 2

2 2 2

2 2 2

tan ( ) 121 1
tan ( ) 1 tan ( ) 1 tan ( ) 1

sin( ) cos( ) cos( ) sin( ) sin( ) cos ( ) sin ( ) sin ( )
cos( ) cos ( ) cos ( ) cos

d tan( ) (1 tan ( ))d d 1d d .

Want ( ) tan( ) '( ) 1

t

t t t
x x x x x x x x
x x x

t t t t t t

f x x f x

+

+ + +

− − +

= ⋅ + = = =

⋅ ⋅
= = ⇒ = = = +

2
( )

1 tan ( ).
x

x= +

 

28b 
     

2 2 2d
d

d ( )1 1 d 1 1 1 1
d d 1 tan ( ) 1 1

tan( ) ofwel tan ( ) en ( ) tan ( ) '( ) .
x
t

F x t
x x t x x

x t t x F x x F x− −

+ + +
= = = ⇒ = = = = = =  

 

29a  

 

1 1 (de uitkomsten)  (liggen in)
2 2

1 1 1 1 1
6 2 2 3 6

Het bereik  van ( ) arctan( ) is  , .

1  ligt niet in , arctan( 3) 1 .

f x x π π

π π π π

= −

− ⇒ ≠

 

29b 1
2

3 arctan( ) 3 heeft geen oplossing.xπ> ⇒ =  

 

30 Zie de tabel hiernaast.  
 

31a 1
3

1
3

arctan( )

tan( ) 3.

x

x

π

π

=

= =

    31d 

2 1
3 2

2
3

2 1  ( )
3 2

arctan( )

geen oplossing want .

x π

π π >

=

>

 

31b 1
4

1
4

arctan( 2)

2 tan( ) 1

1 2 1.

x

x

x

π

π

− = −

− = − = −

= − + =

    31e arctan( ) 2

tan( 2) 6,334.

x

x

=

= ≈

 

31c 

   

2 1
4

2 1
4

2

arctan( 1)

1 tan( ) 1

2

2 2.

x

x

x

x x

π

π

− =

− = =

=

= − ∨ =

    31f 

  

2

2

2

arctan( 1) 1

1 tan(1) 1,5574

2,5574
1,599 1,599.

x

x

x
x x

− =

− = ≈

≈

≈ − ∨ ≈

 

 

32a 
    

2 2 2 21 1 1
2 4 4

4 41 1 1 1 1
2 2 4( ) 1 1 1 4

( ) 2arctan( ) '( ) 2
x x x x

f x x f x
+ + + +

= ⇒ = ⋅ ⋅ = = ⋅ = ⋅  

32b 
      

2 2
1 1

( 2) 1 ( 2) 1
( ) arctan( 2 ) '( ) 1 .

x x
g x x g x

− + − +
= − ⇒ = ⋅ =  

32c 
  

2 2 4
2 21

( ) 1 1
( ) arctan( ) '( ) 2 .x

x x
h x x h x x

+ +
= ⇒ = ⋅ =  

 

33a 
 

 

 
 

12
31

3

3
31 1 1 1 2 1 1
3 3 3 6 6 6 21

3

d arctan( ) arctan( 3) arctan( 3) .
x

x x π π π π π
−+

−

= = − − = − − = + =  ∫  

33b 
 

 

 
   

2

1
11 1 1
2 4 4( 1) 1

2

d arctan( 1) arctan(0) arctan( 1) 0 .
x

x x π π

−
−

−+ +
−

= + = − − = − − =  ∫  

33c 
 

 

 
 

1
3 1

3
2

3
33 1 1

0 3 3(3 ) 1
0

d arctan(3 ) arctan( 3) arctan(0) 0 .
x

x x π π
+

= = − = − =  ∫  

 

34a 
1
2

Verm. t.o.v. -as 1 naar rechts

1 1
2 2

(maak een schets van de grafiek van  en stippel de asympt

arctan( )  arctan( 1)  ( ) arctan(2 1).

De horizontale asymptoten zijn  en .

x

f

y x y x f x x

y yπ π

= → = − → = −

= − =

oten!!!)

 

34b 

      

  
   

 

2 2

2

 

 ( 0)
1 1
2 2

1 2
(2 1) 1 (2 1) 1

1 2 2
2 0 1(1 1) 1

1
2

 snijden met de -as ( ) 0 arctan(2 1) 0

2 1 tan(0) 0 2 1 . Dus ( , 0).

( ) arctan( 2 1 ) '( ) 2

'( ) 2

:  2  door ( , 0)

y

x x

f x f x x

x x x S

f x x f x

f

k y x b S

=

− + − +

+− +

⇒ = ⇒ − = ⇒

− = = ⇒ = ⇒ =

= − ⇒ = ⋅ = ⋅

= = = 
⇒

= + 

1
2

0 2 1 . Dus :  2 1.b b k y x= ⋅ + ⇒ − = = −

 

34c 1
4

1
4

arctan(2 1)

2 1 tan( ) 1

2 0
0

x

x

x
x

π

π

− = −

− = − = −

=

=

 en      1 1 1 1
3 2 24

(gebruik de bereking hiernaast en een plot)

Dus ( ) 0 3.f x xπ π− < < ⇒ < < +  

α  0  1
6
π  1

4 π  1
3 π  1

2 π  

sin( )α  0  1
2
 1

2 2  1
2 3  1  

cos( )α  1  1
2 3  1

2 2  1
2
 0  

tan( )α  0  1
3 3  1  3  �  

x   3−  1−  1
3 3−  0  1

3 3  1  3  

arctan( )x  1
3 π−  1

4 π−  1
6 π−  0  1

6
π  1

4 π  1
3 π  

� �

1
3

1
3

1 1
2 2

arctan(2 1)

2 1 tan( ) 3

2 1 3

3.

x

x

x

x

π

π

− =

− = =

= +

= +
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34d 1
4

1 1 (gebruik de berekening hierboven, een plot en het bereik van )
2 4

(1) arctan(2 1 1) arctan(1) .

1 ( ) .f

f

x f x

π

π π

= ⋅ − = =

≤ ⇒ − < ≤

 

 

35a 
   

2 2 2
1 1 1 1 1
2 2 (2 ) 1 (2 ) 1 4 1

( ) arctan( 2 ) '( ) 2 ( ).
x x x

F x x c F x f x
+ + +

= + ⇒ = ⋅ ⋅ = = =  

35b 
     

2 2 2 2 21 1 1 1
2 2 4 4

4 41 1 1 1 1 1
2 2 4( ) 1 ( ) 1 1 1 4

( ) 2arctan( ) '( ) 2 ( ).
x x x x x

G x x c G x g x
+ + + + +

= + ⇒ = ⋅ ⋅ = = = ⋅ = =  

 

�  
36a ( )

   

2 2 2
12 1 1

16 1 ( 4 ) 1 ( 4 ) 1
( )d d 12 d 3 d 4 d 3arctan(4 ) ( ) 3arctan(4 )

x x x
f x x x x x x F x x c

+ + +
= = ⋅ = ⋅ = ⇒ = + ⋅  

36b ( )
   

2 21 21
4 2

4 1 1 1 1 1
2 2 24 1 ( ) 1

( )d d d 2 d d 2arctan( ) ( ) 2arctan( )
x x x

g x x x x x x G x x c
+ + +

= = = ⋅ = ⇒ = + ⋅  

36c ( ) ( ) ( )

( ) ( ) ( )

( )

  

 

  
 

2

2 2 2

1
(2 ) 1

22 81 1 1
4 44 1 4 1 4 1

21
4

( )d arctan(2 )d d arctan(2 ) d arctan(2 ) d arctan(2 ) 2d

d arctan(2 ) d d arctan(2 ) d d arctan(2 ) d 4  1

d arctan(2 ) dln(4  1) d arcta

x

x x
x x x

h x x x x x x x x x x x x

x x x x x x x x x

x x x x

+

+ + +

= = − = − ⋅ ⋅

 
= − = − ⋅ = − ⋅ + 

 

= − ⋅ + = ( )21
4

21
4

n(2 ) ln(4  1) .

Dus ( ) arctan(2 ) ln(4  1)

x x

H x x x x c

− ⋅ +

= − ⋅ + + ⋅

 

36d 
              

2 2 2 2
3 3 3 3
4 5 4 4 1 ( 2 ) 1 ( 2 ) 1

( )d d d d d 2 ( ) 3 arctan( 2) .
x x x x x x

j x x x x x x J x x c
+ + + + + + + + +

= = = = + ⇒ = ⋅ + +  

 

37a 
 

   

   
 

2 2 21
3 3

1 1 1 1
3 1 1 1 1 1

3 63 33 1 ( ) 1 00 0 0

d d d 3 arctan( ) 3 arctan( ) 3 arctan(0) 3 arctan( 3) 3 .
x

x
x x

x x x π
+ + +

 = = = = − = = ⋅
  ∫ ∫ ∫  

37b 
 

   

    

1
2

2 2 2 24

1 1 1 12 21 1 1 1 1 1
2 2 2 2 84( ) 1 ( ) 11 0

0 0 0

d d d arctan( ) arctan(1) arctan(0) .x x
x xx

x x x x π π
+ ++

 = = = = − = ⋅ =
 ∫ ∫ ∫  

37c      

                 

  

  

5 5
9 9

2 2 2 2 21 1
9 3

6 6 6 6 6
5 5 5
6 18 ( 3) 9 18 ( 3) 9 ( 3) 1 ( ( 3)) 1

3 3 3 3 3
6 65 5 5 5 5 51 1 1

9 3 3 3 3 3 3 12433

d d d d d

3arctan( ( 3)) arctan( 1) arctan(1) arctan(0) .

x x x x x x
x x x x x

x x π π

− + − − + − + − + − +
= = = =

   = ⋅ − = − = − = ⋅ =
  

∫ ∫ ∫ ∫ ∫  

37d 
 

  

  

2

3 3 3 3arctan( ) 2 21 1
2 21 0

0 0 0
2 2 2 2 2 21 1 1 1 1 1 1 1

2 2 2 3 2 2 9 18

d arctan( )darctan( ) d (arctan( )) (arctan( ))

(arctan( 3)) (arctan(0)) ( ) (0) .

x

x
x x x x x

π π π

+

 = = =
 

= − = ⋅ − ⋅ = ⋅ =

∫ ∫ ∫  

 

38a 
 

   

    

1 1 1
12 2 22 2
29 9

2 2 24 2
9 3

1 1 1
132 2 2 1 1 1 1 1

9 2 3 3 3 3 1244 9 1 ( ) 1 0
0 0 0

d d d arctan( ) arctan(1) arctan(0) .
x x x

x x x x π π
+ + +

 = = = ⋅ = − = ⋅ =
 ∫ ∫ ∫  

38b 
 

  

   

1 1
112 2 1 22 2

2 2

ln(3) ln(3)
ln(3) ln(3) 0 ln(3 )1

1 ( ) 1 0
0 0

ln( 3) 1 1 1 1 1
3 124 4 4

d d arctan( ) arctan( ) arctan( ) arctan( ) arctan(1)

arctan( ) arctan( 3) .

x

x x
x xe

e e
x e e e e e

e π π π π π

+ +
 = = = − = −
 

= − = − = − =

∫ ∫  

38c      

                 

  

  

2 2 2 2 2

1 1 1 1 1
1 2 2 2 1

2 2 1 4 4 2 4 4 1 1 (2 1) 1 (2 1) 1
0 0 0 0 0

1 1 1 1
0 24 4

d d d d d(2 1)

arctan(2 1) arctan(1) arctan( 1) .

x x x x x x x x
x x x x x

x π π π

− + − + − + + − + − +
= = = = −

= − = − − = − − =  

∫ ∫ ∫ ∫ ∫  

38d ( ) 

 

 

  

 

 

2

2 2

2 2 2

2 2

2

2

ln( 1) 2 2 2 2 1 2 21 1 1

ln(  1) ln(  1) ln(  1)1 1 2
1 1

3
ln( 1)

1

d ln(  1) d ln(  1) d ln(  1)d( ) d ln( 1) dln( 1)

d 2 d d d d 2arctan( ) .

d

x
x xx x

x x x
x x x xx x

x
x

x x x x x x x x x x

x x x x

+ − −

+ + +

+ +

+

= + ⋅ = + ⋅ = + − = − ⋅ + − − +

     
= − + ⋅ ⋅ = − + = − +     

     

∫
 

 

2 3
ln(  1) ln(4) ln(2)

131
ln(4) ln(4) ln(4)1 1 2 1 1

3 3 2 643 3 3

2arctan( ) 2arctan( 3) ( 2arctan(1))

2 ln(2) 2 ln(2) ln(2).

x
xx x

π π π π π

+ 
= − + = − + − − +  

= − + ⋅ + − ⋅ = − + + − = − + +

 

3 31 1
33 3 3

= ⋅ =
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39a 
           

  

         

    
     

2

2 2 2 2 2

2

( 8 17) 0 10 (2 8)10 20 80
8 17 ( 8 17) ( 8 17)

 (teller 0)
10 10 10 (zie plot)

16 32 174 8 4 17

( ) '( ) .

'( ) 0 20 80 0 20 80 4.

Maximum  is (4)

x x x x
x x x x x x

f x f x

f x x x x

f

− + − − − +

− + − + − +

=

− +− +

⋅ ⋅
= ⇒ = =

= ⇒ − + = ⇒ − = − ⇒ =

= = =
⋅

] 
1

10 B 0, 10 .f= ⇒ =

 

39b 
                   

                   

2 2 2

2 2 2

10 10 10
(4 ) 8 (4 ) 17 16 8 32 8 17 1

10 10 10
(4 ) 8 (4 ) 17 16 8 32 8 17 1

(4 )  en

(4 ) .

Voor elke  geldt: (4 ) (4 )  is symmetrisch in

p p p p p p

p p p p p p

f p

f p

p f p f p f

− − − + − + − + + +

+ − + + + + − − + +

− = = =
⋅

+ = = =
⋅

− = + ⇒  de lijn 4.x =

 

39c 
 

   

 
           

2 2 2

5 5 5
510 10 10
48 17 ( 4) 16 17 ( 4) 1

4 4 4
1 1

24

( ) d d d( 4) 10 arctan( 4)

10 arctan(1) 10 arctan(0) 10 2 .

x x x x
O V x x x x

π π

− + − − + − +
= = = − = −  

= − = ⋅ =

∫ ∫ ∫  

39d 
  

 

 
   

2
10

48 17
4

( ) 10 d 10 10arctan( 4) 10 10arctan( 4) 10arctan(0) 10

10arctan( 4) 0 10 arctan( 4) 1 4 tan(1) 4 tan(1) 5,557.

p
p

x x
O W x x p

p p p p

− +
= ⇒ = ⇒ − = ⇒ − − = ⇒  

− − = ⇒ − = ⇒ − = ⇒ = + ≈

∫  

 

40a  
1 1 (uitkomst)
2 2

Elke functiewaarde  van ( ) sin( ) met D [ , ] komt precies één keer voor.ff x x π π= = −  

40b  Dit kan alleen met het domein [0, ] II.π ⇒  
 

� 41 Zie de tabel hiernaast.  
 

42a 1 1
2 2

arcsin( ) sin( ) 1.x xπ π= ⇒ = =

  

42f arccos( ) 2 cos(2) 0,416.x x= ⇒ = ≈ −  

42b 1 1
2 2

arccos( ) cos( ) 0.x xπ π= ⇒ = =

  

42g    

42c 1 1 1
6 6 2

arcsin( ) sin( ) .x xπ π= − ⇒ = − = −

   

  

42d 1 1
6 6

arccos( ) geen oplossing, want 0.x π π= − ⇒ − <            42h 

42e 1
2

arcsin( ) 2 geen oplossing, want 2 .x π= ⇒ >

 

 

 

43a 

   

  

   

2 2

2 2 2

2 2 2

2  (zie een plot)

( ) arcsin(2 ) is gedefinieerd voor 1 2 1.

2 1 3 3 3 3

2 1 1 1 1 1.

1 2 1 3 1 1 3.

f x x x

x x x x x

x x x x x

x x x

= − − ≤ − ≤

− = − ⇒ − = − ⇒ = ⇒ = − ∨ =

− = ⇒ − = − ⇒ = ⇒ = − ∨ =

− ≤ − ≤ ⇒ − ≤ ≤ − ∨ ≤ ≤

 

43b  
1 1
2 2

B [ , ]f π π= −  

43c Maak een schets van de rechter grafiek hiernaast.  

43d 

    

        

  

    

 

2 2 2 2

2

2 2

2 2 2  (zie een plot)

2 21

1 (2 ) 1 (2 )

2 2 2 2
11 (2 2)

( ) 0 arcsin(2 ) 0 2 sin(0)

2 0 2 2 2 2 ( 2, 0) .

( ) arcsin( 2 ) '( ) 2 .

'( 2) 2 2 : 2 2  door 

x

x x

f x x x

x x x x x A

f x x f x x

f k y x b

−

− − − −

− −

− −

= ⇒ − = ⇒ − = ⇒

− = ⇒ − = − ⇒ = ⇒ = − ∨ = ⇒

= − ⇒ = ⋅ − =

⋅
= = = − ⇒ = − +  ( 2, 0) 0 2 2 2 2 2 2 2 2 4.A b b⇒ = − ⋅ + ⇒ = ⋅ = ⋅ =

 

43e 

   

   

2 2 2 2 21 1 1 1 1 1
6 6 6 2 2 2

3 3 6231 1 1 1
2 2 2 2 2 22 2 2
1 1 1 (zie een plot)
6 2 2

( ) arcsin(2 ) 2 sin( ) 2 1 1

1 6 1 6.

( ) 3 6 6 3.

f x x x x x x

x x

f x x x

π π π

π

= ⇒ − = ⇒ − = ⇒ − = ⇒ − = − ⇒ = ⇒

= − = − = − = − ⋅ = − = − ∨ = =

< ⇒ − ≤ < − ∨ < ≤

 

 

44a 1 (zie de eenheidscirkel hiernaast)
2

Uit de symmetrie  volgt: cos( ) sin( ).α π α= −  

44b 1
2

1 1
1 1 2 2
2 2

Stel cos( ) ,  dus ook sin( ) .

cos( ) arccos( )
arccos( ) arcsin( ) .

sin( ) arcsin( )

x x

x x
x x

x x

α π α

α α
α π α π

π α π α

= − =

= ⇒ = 
⇒ + = + − =

− = ⇒ = − 

 

44c 
    

2 2

1 1 1
2 1 1

[arcsin( ) arccos( )]' [ ]' [arccos( )]' 0 [arccos( )]' .
x x

x x x xπ
− −

+ = ⇒ + = ⇒ = −  

x  1−  1
2 3−  1

2 2−  1
2−  0  

1
2
 1

2 2  1
2 3  1  

arcsin( )x  1
2 π−  1

3 π−  1
4 π−  1

6 π−  0  
1
6
π  1

4 π  1
3 π  1

2 π  

arccos( )x  π
 

5
6 π

 
3
4 π  

2
3 π  

1
2 π  

1
3 π  

1
4 π

 
1
6
π
 0

 

1
3

1 1 1
3 2 2

3arcsin( 3) arcsin( 3)

3 sin( ) 3 3 1 3.

x x

x x

π π

π

− = ⇒ − = ⇒

− = ⇒ = + =

1
3

1 1
3 2

3arccos( 3) arccos( 3)

3 cos( ) 3 .

x x

x x

π π

π

− = ⇒ − = ⇒

− = ⇒ = +

3−

22y x= −

1y =−

1y =

O

3 3−

2
arcsin(2 )y x= −

O 3

1

2
y π=

1

2
y π= −

2

α

α
1
2 π α−

cos( )α

1
2sin( )π α−

O
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45a 
 

  

 
    

1 1
16 6
6

12 2
1 1 6
6 6

3 3
31 1 1 1 1 1 1 1 1 1 1 1

3 3 2 3 2 3 3 3 6 181 9 1 (3 )
d d arcsin(3 ) arcsin( 3) arcsin( ) .

x x
x x x π π π

− −

 = = ⋅ = ⋅ − ⋅ = ⋅ − ⋅ =
 ∫ ∫  

45b ( )
 

   

 
    

  

1 1 1
12 2 21
23
12 2 21
21 1 1 392 2 2

1 2 1 2 1 2
1 21 1 1 1

3 3 1 29 1 ( )11 2 1 2 1 2

1 1 1 1 1
2 2 24 4

d d d arcsin( )

arcsin( 2) arcsin( 2) .

xx x
x x x x

π π π

−− −−− − −

 = = =
 

= − − = − − =

∫ ∫ ∫  

45c ( )
 

  

     

1 1
12 2
2

2 24

2 2
22 21 1 1 1 1 1 1 1 1

2 2 2 2 2 6 12401 ( )1
0 0

d d arcsin( ) arcsin( 2) arcsin(0) 0 .x

xx
x x x π π

−−

 = ⋅ = = ⋅ − = ⋅ − =
 ∫ ∫  

45d ( )
 

   

       

1 1
2 2

2 24 4 11
24

1 1 1 12 21 1 1 1 1 1 1 1 1
2 2 2 2 2 2 2 6 1201 ( )4 10 0 0

d d d arcsin( ) arcsin( 1) arcsin(0) 0 .
xx

xx x
x x x x π π

−− −

 = = = = ⋅ − = ⋅ − =
 ∫ ∫ ∫  

 

46a 

 

 

4 4 4 2 2 2
Onder een wortelteken mag geen negatief getal staan en een noemer mag niet nul zijn.

Dus 25 0 25 ( ) 25 5 5 5 5.

Dus D 5, 5 .   Maak een schets van de grafiek hiernaast.f

x x x x x x x− > ⇒ − > − ⇒ = < ⇒ < ⇒ < ⇒ − < <

= −

 

46b 

( )

              

            

  
          

  

  

44 3 4 21
4 4 44 42 25 25

2 44 4 4 4 44

2

25 1 4 25
25 2 25

2525 (25 ) 25 (25 ) 2525

3 3 3 251
raaklijn4 41625 3

( ) '( ) .

( 3) 3 en rc '( 3)

x

x x
x x x x

x x x x
xx x x x xx

A

f x f x

y f a f

− −

− − − − +
− + +

−− − − − −−

−

⋅ ⋅ ⋅
⋅

= ⇒ = = = =

= = = = = = = =   

  
    

 

2

2 2

3 34 17
3216 4(25 3 ) 25 3

917 17 17 8 171 1 1
32 32 32 32 32 324 4 4

.

:  door ( 3, 3) 3 3 3 3 3 3 3.k y x b A b b b

+

− −
= =

⋅

= + ⇒ = ⋅ + ⇒ − = ⇒ = − = −

 

46c 
      

4 4 425 25 ( ) 25
( )  en ( ) ( ) ( ) voor elke  puntsymmetrisch in .

p p p

p p p
f p f p f p f p p f O

−

− − − −
= − = = − ⇒ = − − ⇒  

46d     

        

 

 

1 1 1 1
2 2 2 21 2

5 5

2 2 2 2 2 24 1 1 1
5 5 5

1
2

10 10 10 10
21 1 1 1

2 2 51 ( ) 1 ( ) 1 ( )250 0 0 0
1021 1 1 1 1 1 1 1 1 1

2 5 2 5 2 2 2 6 1240

( ) d d d d

arcsin( ) arcsin( 10) arcsin(0) arcsin( ) .

x xx

x x xx
O V x x x x

x π π

− − −−
= = = ⋅ = ⋅

 = = ⋅ ⋅ − = = ⋅ =
 

∫ ∫ ∫ ∫  

 

47a   

    

  

2 2

2

21 1 1
21 1

2 2 21

2 1
2

arcsin( )d d arcsin( ) darcsin( ) d arcsin( ) d d arcsin( ) d( )

d arcsin( ) d(1 ) d arcsin( ) d 1 d arcsin( ) 1 .

Dus ( ) arcsin( ) 1 .

x x

x

x x x x x x x x x x x x x

x x x x x x x x x

F x x x x c

− −

−

= − = − ⋅ = + ⋅ −

 
= + − = + − = + − 

 

= + − +

 

47b ( ) 

  

2

2arcsin( ) 21
21

d arcsin( )darcsin( ) d arcsin( ) .   Dus ( ) arcsin( ) 1 .
x

x
x x x x G x x x x c

−
= = = + − +  

 

48a   

 

   

    

2

2 2 2 2

1
1

2 2 221 1 1 1 1 1
2 2 2 21 1 1 1

( )d d darcsin( ) ( ) arcsin( ).

( )d d d d d( 1).   Dus ( ) ln( 1).
x
x x

x x x x

f x x x x F x x

g x x x x x x G x x
+

+ + + +

= = ⇒ =

= = ⋅ = ⋅ = ⋅ + = ⋅ +

 

48b   

   

2 2 2
11

1 1 1
( ) ( ) ( ).x x

x x x
f x g x h x+

+ + +
+ = + = =  

48c 21
2

( ) ( ) ( ) ( ) ( ) ( ) arctan( ) ln( 1).h x f x g x H x F x G x x x= + ⇒ = + = + ⋅ +  

 

49a   

        

2 5 2 5 2(nog) 
1 1 1 1

( ).  We kennen geen primitieve van ( ) .x x x
x x x x

f x g x+
+ + + +

+ = = =  

49b 

( )

    
      

                

   

  

2 1)3 1 3 3 2 2 3 2 5
1 1 1 1 1 1 1 1

3
1

(
2 2 ( ).

( )d (2 )d d 2 3 ln 1 ( ) 2 3 ln 1 .

xx x x
x x x x x x x x

x

f x

f x x x x x F x x x c

++ + +
+ + + + + + + +

+

⋅
+ = ⋅ + = + = + = =

= + = + ⋅ + ⇒ = + ⋅ + +

 

 

�  
50a   

    

2 1 1
1 1

( ) 2 ( ) 2 ln 1 .x
x x

f x F x x x c+
+ +

= = − ⇒ = − + +  

50b 
    

1
1 1

( ) 1 ( ) ln 1 .x
x x

f x F x x x c
+ +

= = − ⇒ = − + +  

f5x = −

5x =

1/2 1  \ 2
2 2

1

x x
x −

+ +
+

− 1/        \ 1
1
1

x x
x −

+
+

−
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50c   

    

1
21 1 1 1

2 1 2 2 1 2 4
( ) ( ) ln 2 1 .x

x x
f x F x x x c+

+ +
= = + ⇒ = + ⋅ + +  

50d     

      

2 2 3
1 1 1

( ) 1 ( ) 3ln 1 .x x
x x x

f x F x x x c− − +
+ + +

= = = − + ⇒ = − + + +  

50e     

      

3 4 4 3 5 5
2 1 2 1 2 1 2

( ) 2 ( ) 2 ln 2 1 .x x
x x x

f x F x x x c− − +
+ + +

= = = − + ⇒ = − + ⋅ + +  

50f     

      

6 1 6 1 2
1 2 2 1 2 1

( ) 3 ( ) 3 ln 2 1 .x x
x x x

f x F x x x c− − +
− − −

= = = − − ⇒ = − − − +  

 

51a ( ) ( )
 

   

  

    
 

2
3 3 32 92 3 42 1 1

1 1 2 2 2 22
2 2

d 1 d 2ln 1 3 2ln(2) 2 ln(0) 1 2ln(2).x x
x x

x x x x x x− +
− −

 = − + = − + − = − + − − + = +
 ∫ ∫  

51b 

( )

 

 

  

    
 

12
4

2 2 23 27 131 1 1 1
2 1 2 2 1 84 4 4 1

1 1
13 131 1 1

2 8 84 4
13 13 13 31 1

2 8 2 8 8 5

d 3 d 3 ln 2 1

1 6 ln(5) 3 ln(3)

7 ln(5) 3 ln(3) 4 ln( ).

x x
x x

x x x x x x+
+ +

   = + − = + − +    

= + − − + −

= − − + = +

∫ ∫  

51c ( )

( )

 

 

  

    
 

2
2 2 222 1

1 1 4
4 4

d 2 1 d ln 1

4 2 ln(1) 16 4 ln(3) 6 20 ln(3) 14 ln(3).

x x
x x

x x x x x x
− − −

− −
+ + −

− −

 = − + − = − + − +
 

= − − − − − − − = − + + = +

∫ ∫  

 

52a            
          

  
      

    

  

  

  

2 33 3 2 3 3 2

2 2 2

2

 

( 1) (3 1) ( ) 1 3 3 1 2 3 1
1 ( 1) ( 1) ( 1)

2 3 1 6 1 1
2 24 1(1 1)

21 1 2
1 1 2

( ) '( ) .

'(1) 1 : 1
1 1 1

(1) 1 (1, 1)

x x x xx x x x x x x x x
x x x x

f x f x

f k y x b

f A

+ + − ++ + + + − − + +
+ + + +

+ +

+

+
+

⋅ ⋅
= ⇒ = = =

= = = ⇒ = + 
⇒ = ⋅ +

= = = ⇒ 

1 1 1
2 2 2

. Dus : 1 .b b k y x⇒ − = = −

 

52b 

( )

( )

 

 

   

    
 

  

3

3 2 2 (teller 0)
2 2 2 22 3 22 1 1

1 1 3 2 0
0 0 0

8 2
3 3

( ) 0 0 ( 1) 0 0 1 0.

( ) ( )d d 2 d 2 2ln 1

2 4 2ln(3) 0 0 0 2ln(1) 4 2ln(3).

x x
x x

f x x x x x x x x

O V f x x x x x x x x x x

=

+
+ +

= ⇒ + = ⇒ ⋅ + = ⇒ = ∨ = − ⇒ =

 = = = − + − = − + − +
 

= − + − − − + − = −

∫ ∫ ∫

 

52c  

 

3 21 1
3 2 0

0
3 21 1  (intersect)

3 2

( ) ( )d 2 2ln 1

2 2ln( 1) 0 10 3,276.

p p
O W f x x x x x x

p p p p p

 = = − + − +
 

= − + − + − = ⇒ ≈

∫  

 

53  

 

 

 

 

 

 

 

 

 
22  ( 4 4 1 5 16 20 0)

2 2  ( V.A.: 2)

( ) is voor elke  gedefinieerd, want de noemer 4 5 heeft geen nulpunten .

( ) is niet voor elke  gedefinieerd, want de noemer 4 4 ( 2)  heeft één nulpunt .

D

x

f x x x x

g x x x x x

= − = − <

⇒ = −

+ + ⋅ ⋅

+ + = +

2  ( V.A.: 3 en 1)( ) is niet voor elke  gedefinieerd, want 4 3 ( 3)( 1) heeft twee nulpunten .x xh x x x x x x ⇒ = − = −+ + = + +

 

 

�  

54a    

    

2

2 2 2 2
21 1 1

21 1 1 1
( ) 1 1 ( ) ln( 1) arctan( ) .x x x x

x x x x
f x F x x x x c+ −

+ + + +
= = + = + − ⇒ = + ⋅ + − +  

54b 
  

     

2 2
2 11 1 1 1

1 36 9 ( 3)
( ) 1 1 1 ( 3) ( ) ( 3) .

xx x x
g x x G x x x c x c− −

− −− + −
= − = − = − − ⇒ = − ⋅ − + = + +  

54c  

 

3

2
21

21
( ) ( ) .x x

x
h x x H x x c+

+
= = ⇒ = +  

1
21

2
1
2

2 1/ 1   \x x
x

−

+ +

+
1/ 2      \ 1

1
3

x x
x −

+ − + −
− −

2 1/ 4 3   \ 2
4 2

5

x x
x −

+ − + −
− − 2 1/ 6 1   \ 3

6 3

2

x x
x −

− − + −
− +

−

    

2

2
1/ 2 3   \ 1

1
2

x x x x
x x

x
x

−

−

− − + −

−
−
− +

2 1 1
2 42 1

2
1
2
1 1
2 4

1
4

2 1/ 7           \ 3

6

6 3

3

x x x x
x x

x

x

−

−

+ + +

+

+

−
2

2
1/ 2      \ 2 1

2 2

1
1

x x x x
x x

x
x

−

−

+ − − − +

− −

+

−

f

O

g

O

2x = −

g

h

O
3x = −

1x = −

h

h

3 2

3 2

2

2

1/             \ 2

2
2 2

2

x x x x x
x x

x
x x

x
x

−

−

−

+ + − +

+

−

− −

+

−

 

2 2

2
1/           \ 1

      1
1

x x x
x

x
−

+ +

+

−

2 2

2

6 9/ 6 8     \ 1

6 9
                                  1

x x x x

x x
−

− + − +

− +

−

                    

                                  

2 3

3
 

1/      \

0

x x x x

x x
−

+ +

+
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54d      

        

      

    
    

  

3

2 2 2

2 2

28 54 28 54
6 9 6 9 ( 3)

28( 3) 84 54 228 30 28
3 3( 3) ( 3)

2 1 2 301 1
2 2

( ) 6 6

6 6 6 30 ( 3) .

( ) 6 28 ln 3 30 ( 3) 6 28ln 3

x x x x
x x x x x

x
x xx x

x

j x x x

x x x x

J x x x x x c x x x

+ − −

− + − + −

− + − −

− −− −

−

−

= = + + = + +

= + + = + + + = + + + ⋅ −

= + + ⋅ − − ⋅ − + = + + − −
3

.c+

 

 

55a ( )
( )

( )

 

  

   

3

2 2

2 2 22 24 1
24 4 0

0 0
1
2

8
4

d d 2ln( 4)

4 2ln(8) 0 2ln(4) 2 2ln(8) 2ln(4)

2 2 ln(8) ln(4) 2 2ln( ) 2 2ln(2).

x x
x x

x x x x x
+ +

 = − = − +
 

= ⋅ − − − = − +

= − − = − = −

∫ ∫  

55b       
  

    
          

  

 

  
     

3

2 2 2 2

3

2

12 ( 2) 8 212 16 812 12
2 24 4 4 4 ( 2) ( 2)

8 8 82 1 2 81 1
2 2 24 4 0 0

0

4 4 4 4 8 ( 2) .

d 4 12ln 2 8( 2) 4 12ln 2

32 32 12

xx x
x xx x x x x x

x
xx x

x x x x x

x x x x x x x x

+ − −+
+ ++ + + + + +

−

++ +

⋅
= − + = − + = − + − = − + − ⋅ +

   = − + + + + = − + + +
   

= − +

∫

( )8 8 4 1
10 2 5 5

ln(10) 0 0 12ln(2) 12ln(10) 12ln(2) 4 12ln(5) 3 .+ − − + + = + − − = −

 

55c 

( )

 

 

  

   

4

2 2

1 1 12 31 2 1
31 1 0

0 0
1 2 1 2 1
3 3 3 24

d 1 d 2arctan( )

1 2arctan(1) 0 2arctan(0) 2 .

x
x x

x x x x x x

π π

+

+ +

 = − + = − +
 

= − + − + = − + ⋅ = − +

∫ ∫  

55d 

( )

      
   

  
         

 

 

 

  
    

4

2 2 2 2

4

2

4 ( 1) 22 2 21 4 2 4 2
12 1 ( 1) ( 1) ( 1)

1 13 21 1 2
3 12 1 0

0
1 2 2 1
3 2 1 3

2 3 2 3 2 3 .

d 3 4ln 1

1 3 4ln(2) 0 4ln(1) 3 4ln(2).

xx x
xx x x x x

x
xx x

x x x x x x

x x x x x

+ −+ +
++ + + + +

+
++ +

⋅
= − + − = − + − = − + − +

 = − + − + −
 

= − + − − − − − = −

∫

 

 

56a   

   

                       
   

       

2

2 2 2 2

2 2 4 4

10 5 1 (teller 0)
24 4 1

(4 4 1) 10 (10 5) (8 4) 40 40 10 (80 40 40 20) 40 40 30
(4 4 1) (2 1) (2 1)

1
2

( ) 10 5 0 10 5 .

'( ) .

'( )

x
x x
x x x x x x x x x x x

x x x x

f x x x x

f x

f

+
=

− +

− + − + − − + − − + − − − +

− + − −

= ⇒ + = ⇒ = − ⇒ = −

⋅ ⋅
= = =

− =     

4

 

10 20 30 40 5
16 2 5 5 51 1 1( 2)

2 2 2 24 41
2

:  met 0 . Dus : 2 1 .
door ( , 0)

k y x b b b k y x
A

− + +

−
= = 
⇒ = + = ⋅ − + ⇒ = = +

− 

 

56b      

  
  

    

2

4
4 642 240 40 30  (teller 0)
2 4(2 1)

4 8 4 8 412 1 1 (voldoet)  (vold. niet omdat dan de noemer nul is)
8 8 2 8 8 2

 (zie plot)

'( ) 0 4 4 3 0 4 4 4 3 16 48 64

1 .

Minimum  is (

x x
x

f x x x D x

x x

f

− ±− − +
=

−

− − − +−

= = ⇒ + − = ⇒ = − ⋅ − = + = ⇒ = ⇒
⋅

= = = − ∨ = = =

  

    

 

15 5 10 51
2 9 6 1 16 8

5
8

1 ) .

Dus B , .f

− + −
+ +

− = = = −

= − →


 

56c ( )

( )

      
  

    

  
    

  

  
  

2 2

3 3 3 3
5 (2 1) 10 210 5 5

2 1(2 1) (2 1)
1 1 1 1

3 315 5 5 5 5 5 51 1 1
2 1 2 2 2 1 2 5 2 1 211

( ) ( )d d d 10 (2 1) d

ln 2 1 10 (2 1) ln 2 1 ln(5) ln(1) 2 ln(5) 4.

xx
xx x

x

O V f x x x x x x

x x x

− + −+
−− −

−

− −

⋅
= = = = + ⋅ −

   = − + ⋅ ⋅ ⋅ − = − − = − − − = +
  

∫ ∫ ∫ ∫  

 

57a 
              

      

                        
      

1 1 1 1 1 1 1 1 1 1
2 2 2 2 2 2 2 2 2 2

2 2

1 3 1 3 1 ( 3) 3 ( 1) 1 4 3 33 1 2 1
1 3 1 3 3 1 ( 1) ( 3) ( 1) ( 3) 4 3 4 3

( ).
x x x xx x x

x x x x x x x x x x x x x x
h x

− − − + + − − + ++ + −
+ + + + + + + + + + + + + +

⋅ ⋅
+ = ⋅ + ⋅ = + = = =

⋅ ⋅
 

57b   

    
   

1 1
2 2

2

1 32 1 1 1 (zie 57a hierboven)
1 3 2 24 3

( ) ( ) 1 ln 1 3 ln 3 .x
x xx x

h x H x x x c
−−

+ ++ +
= = + ⇒ = − + + + +  

 

�  

58                
  

            
  

  

          

2

  

( ) ( 2) ( ) 2 ( )
2 2 2 ( 2) ( 2) ( 2)

1
2 2 ( 2) ( 2)

.

Wil  dan moet 1 en 2( ) 1.

  2 2 2    1 2
 

2 2 1 1

A B x A B x A BB A BA
x x x x x x

B xA
x x x x

A B A B

A BA B
A B

+ − + − ++

− − − − − −

+
− − − −

⋅ ⋅ ⋅
+ = = =

⋅

+ = + = − + =
⋅

+ =+ = ×
⇒ −− − = ×  

                          (kan niet)

2 2 1

                                0 3 er zijn geen oplossingen.

A B +


 − =

= ⇒

 

2 3

3 2

2

2

6 9/                 \ 6

6 9

6 8
6 36 54

28 54

x x x x x

x x x
x x
x x

x

−

−

− + + +

− +

−

− +

−

2 3

3
4/           \

4
4

x x x
x x

x
−

+

+

−

2 3

3 2

2

2

4 4/                    \ 4
4 4
4 4
4 16 16

12 16

x x x x
x x x

x x
x x

x

−

−

+ + −

+ +

− −

− − −

+

2 4 2

4 2

2

2

1/        1  \ 1

1
2

x x x
x x

x
x

−

−

+ + −

+

−

− −

2 4 2

4 3 2

3 2

3 2

2

2

2 1/                              1\ 2 3
2   

2  
2 4 2

3 2
3 6 3

4 2

x x x x x
x x x

x x
x x x

x x
x x

x

−

−

−

+ + + − +

+ +

− −

− − −

+

+ +

− −
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59a         
       

                      
      

      
    

      

2

2 2

( 3) ( 2)2 1 7 7 7 7
2 3( 2) ( 3) ( 2) ( 3) ( 2) ( 3)5 6 5 6

( 3) ( 2) 3
( 2) ( 3)

( ) 1 1 1 1

1 1

A x B xBx x x x A
x xx x x x x xx x x x

A x B x Ax A Bx
x x

f x − −+ − − −

− −− − − − − −− + − +
− + − − +

− −

⋅ ⋅
= = + = + = + + = + +

⋅ ⋅ ⋅

= + = +
⋅

      
  

            

  

( ) 3 22
( 2) ( 3) ( 2) ( 3)

7

1 .

  2 2 14      7 2 7
 7 7 14.

3 2 73 2 7 1 7
                                               7
( ) 1

A B x A BB
x x x x

A BA B A
B B

A BA B A B
A

f x

+ − −−

− − − −

+

= +
⋅ ⋅

+ =+ = × = − 
⇒ ⇒ ⇒ − + = ⇒ =  − − = −− − = − × + = 

− =

= −
    

14
2 3

( ) 7ln 2 14ln 3 .
x x

F x x x x c
− −

+ ⇒ = − − + − +  

59b         
    

                      
      

    
      

      

3

2 2

( 3) ( 1)7 6 7 6
1 3( 1) ( 3) ( 1) ( 3) ( 1) ( 3)2 3 2 3

( )3
( 1) ( 3)

( ) 2 2 2 2

2 2

A x B xBx x x A
x xx x x x x xx x x x

A B xAx A Bx B
x x

g x x x x x

x x

+ −− −
− +− + − + − ++ − + −

+ ++ + −

− +

⋅ ⋅
= = − + = − + = − + + = − + +

⋅ ⋅ ⋅

= − + = − +
⋅

  

      

    

                
31

4 4

3
( 1) ( 3)

1
314

4 4 

6 2 31 1
1 3 2 4 4

.

   7
7 6 .

3 6 7
4 1

( ) 2 ( ) 2 ln 1 6 ln 3 .

A B
x x

x x

A B A
B BA B A B

A

g x x G x x x x x c

−

− +

+

− +

⋅

+ = = 
⇒ ⇒ + = ⇒ = − = − + = 

=

= − + + ⇒ = − + − + + +

 

59c         
           

                      
  

2

2 2

(2 1) (2 )22 1 1 1
2 1(2 1) (2 1) (2 1) (2 1) (2 1)2 2

1

( ) 1 1 1 1 1 1 .

2 1
2 1 3.

1

( ) 1

A x A B x AB B x Ax A Bxx x x A
x xx x x x x x x x x xx x x x

x

h x

A B
B B

A

h x

− + −− ++ + +
−− − − − −− −

⋅ ⋅= = + = + = + + = + + = + = +
⋅ ⋅ ⋅ ⋅ ⋅

+ =
⇒ − + = ⇒ = −− =

= −
  

3 1
2 1 2

( ) ln 1 ln 2 1 .
x

H x x x x c
−

− ⇒ = − − − +

 

59d 
    

    
   

              
  

    
    

        

1 13
2 2

2 2

1 1 (2 1)2 1 1 1 1 1
2 2 2 2 1 2(2 1) (2 1) (2 1)2 2

(2 )21 1
2 2(2 1) (2 1)
1
2

( )

.

2

1

x x A xB B xx A
x xx x x x x xx x x x

A B x AAx A Bx
x x x x

j x x x x x

x x

A B

A

+ + ++
++ + ++ +

+ ++ +

+ +

⋅ ⋅= = − + = − + = − + + = − + +
⋅ ⋅ ⋅

= − + = − +
⋅ ⋅

 + =


=

  

1
2

1 1
2 2

1 2 31 1 1 1
2 2 1 2 2 4

2 1 .

( ) ( ) ln ln 2 1 .x x

B B

j x x J x x x x x c
+

⇒ + = ⇒ = −


= − + − ⇒ = − + − + +

 

 

60a               
      

                                  
   

2

( 2) ( 1) ( ) 22
1 2( 1) ( 2) ( 1) ( 2) ( 1) ( 2) ( 1) ( 2) ( 1) ( 2)2

1
3

 

.

    1
2 0

A x B x A B x A BB Ax A Bx Bx x A
x xx x x x x x x x x xx x

A B A
A B A B

− + + − +− + +
+ −+ − + − + − + − + −− −

−

⋅ ⋅
= = + = + = =

⋅ ⋅ ⋅ ⋅ ⋅

+ = =
⇒− + = +

( )

 

 

  

    
    

1 2
3 3

2

1 2
3 3

4 4 41 2
1 2 3 32 3

3 3
21 2 1 2 1 2 1 1 2 2 1

3 3 3 3 3 3 3 3 3 3 3

1 .
1

    3       1

d d ln 1 ln 2

ln(5) ln(2) ln(4) ln(1) ln(5) ln(2) ln(2 ) ln(5) ln(2) ln(2) ln(5).

x
x xx x

B B

A

x x x x
+ −− −


⇒ + = ⇒ =

=
=

   = + = + + −    

= + − + = + − = + − =

∫ ∫

 

60b                         

                                  
   

      

2

( 5) ( 1) ( ) 554 8 4 8
1 5( 1) ( 5) ( 1) ( 5) ( 1) ( 5) ( 1) ( 5) ( 1) ( 5)4 5

.

    4
5

A x B x A B x A BB Ax A Bx Bx x A
x xx x x x x x x x x xx x

A B
A

− + + − +− + +− −
+ −+ − + − + − + − + −− −

⋅ ⋅
= = + = + = =

⋅ ⋅ ⋅ ⋅ ⋅

+ =

−

( ) ( )

 

 
  

  

     
   

2

 

2 2
24 8 2 2

1 5 04 5
0 0

2
2 4 2.

8 4
    6       12

d d 2ln 1 2ln 5 2ln(3) 2ln(3) 2ln(1) 2ln(5) 4ln(3) 2ln(5).x
x xx x

A
B B

B A B
A

x x x x

−

−
+ −− −

= 
⇒ ⇒ + = ⇒ = + = − + =

=

= + = + + − = + − + = −  ∫ ∫

 

60c               
      

                                  
   

2

( 3) ( 1) ( ) 332 2
1 3( 1) ( 3) ( 1) ( 3) ( 1) ( 3) ( 1) ( 3) ( 1) ( 3)2 3

 

.

     0
3 2

A x B x A B x A BB Ax A Bx BA
x xx x x x x x x x x xx x

A B A
A B

− + + − +− + +− −
+ −+ − + − + − + − + −− −

−

⋅ ⋅
= = + = + = =

⋅ ⋅ ⋅ ⋅ ⋅

+ = =
⇒− + = −

( )

 

 

  

    
    

                  

1 1
2 2

2

1
1 12
2 2

2 2 22 1 1
1 3 2 22 3 0

0 0
1 1 1 1
2 2 2 2

0 .
0

4 2

d d ln 1 ln 3

ln(3) ln(1) ln(1) ln(3) ln(3).

x xx x

B B
A B

A

x x x x−
+ −− −


⇒ + = ⇒ = −

+ =
=

   = − = + − −    

= − − − =

∫ ∫

 

60d   

      
   

                      

                            

4

2
2 40 39

( 3) ( 1)4 3
( 1) ( 3) ( ) 340 39 3

3 1( 3) ( 1) ( 3) ( 1) ( 3) ( 1) ( 3) ( 1) (

4 13 .xx
x xx x

A x B x A B x A Bx B Ax A Bx BA
x xx x x x x x x x

x x − −

+ ++ +
+ + + + +− − + + +

+ ++ + + + + + + +

= − + +
⋅

⋅ ⋅
= + = + = =

⋅ ⋅ ⋅ ⋅       

 

 

3) ( 1)
1

1 12
2 2 

     

.

 40
40 40 .

3 39 40
2 1

x x

A B B
A AA B A B

B

+ +

−

⋅

+ = − = 
⇒ ⇒ + = − ⇒ = − + = − + = − 

− = −

 

2 2

2
5 6/ 2 1  \ 1

5 6
7 7

x x x x
x x

x
−

− + + −

− +

−

                                           

                                                 

2 3

3 2
 

2

2
 

2 3/                      \ 2

                    2 3

                        2 3

2 4 6

x x x x

x x x

x x

x x

−

−

+ − −

+ −

− +

− − +

              7 6x −

 

2 2

2
 

2 /2       1 \1

               2
                        1

x x x

x x
x

−

− +

−

+

2 3 1
2

3 2
 

2

2 1
2  
1
2

2 /2                  1\

               2

                     

                      

                                1

x x x x

x x

x

x x

x

−

−

+ + −

+

−

− −

+

2 4 2

4 3 2
 

3 2

3 2
 

2

4 3/                        \ 4 13

                    4 3

                         4 3

                          4 16 12

                                      13 12

      

x x x x x

x x x

x x
x x x

x x

−

−

+ + − +

+ +

− −

− − −

+
2

                                 13 52 39
                                              40 39

x x
x

−+ +

− −
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( )

 

  

    
    

1 14
2 2

2

2 2 2402 3 21 1 1
3 1 3 2 24 3 0

0 0
3 21 1 1 1 1

3 2 2 2 2
2 1 1 1 2
3 2 2 2 3

d 4 13 d 2 13 40 ln 3 ln 1

2 2 2 13 2 40 ln(5) ln(3) 0 0 0 40 ln(3) ln(1)

2 8 26 40 ln(5) ln(3) 40 ln(3) 20 41l

x
x xx x

x x x x x x x x x
+ ++ +

   = − + − + = − + − + + +    

= ⋅ − ⋅ + ⋅ − + − − + − +

= − + − + + = +

∫ ∫

1
2

n(3) 40 ln(5).−

 

 

61 
              

          

                                  
   

2

  

( 3) ( 2) ( ) 3 23 22 5 2 5
2 3( 2) ( 3) ( 2) ( 3) ( 2) ( 3) ( 2) ( 3) ( 2) ( 3)5 6

I ( ) .

    

A x B x A B x A BB Ax A Bx Bx x A
x xx x x x x x x x x xx x

f x

A B

− − + − −− + −− −
− −− − − − − − − − − −− +

⋅ ⋅
= = = + = + = =

⋅ ⋅ ⋅ ⋅ ⋅

+ =

    

  

 

     

  

2 2

1 1
2 3
2 5 1
5 6 5

  2 2 4  2 2 1
 1 2 1.

3 2 53 2 5 1 2
                                                   1

( ) ( ) ln 2 ln 3 .

II ( )d d
x x

x
x x x x

A B A
B BA BA B A B

A

f x F x x x c

f x x x

+

− −

−

− + − +

+ =× = 
⇒ ⇒ ⇒ + = ⇒ =  − − = −− − = − × + = 

− = −

= + ⇒ = − + − +

= = ( )  

 

2 2 2
6

2

d 5 6 d ln 5 6 ( ) ln 5 6 .

Nu is:  ln 2 ln 3 ln ( 2) ( 3) ln 5 6 de primitieven komen op hetzelfde neer.

x x x x F x x x c

x x x x x x

− + = − + ⇒ = − + +

− + − = − ⋅ − = − + ⇒

 

 

62a   

                    
 

      

2 2 3 2 3 22

2 2 2

2

( 5 4) 2 ( 4) (2 5) 2 10 8 (2 5 8 20)4
5 4 ( 5 4) (

Noemer 0 5 4 0 ( 4) ( 1) 0 4 1. Dus verticale asymptoten: 4 en 1.

( ) '( ) x x x x x x x x x x xx
x x x x

x x x x x x x x

f x f x + + − + + + + − + + ++

+ + + +

= ⇒ + + = ⇒ + ⋅ + = ⇒ = − ∨ = − = − = −

⋅ ⋅
= ⇒ = =  

      

  

  

    

  

    

2

2 2 2 2
5 20

5 4) ( 5 4)
2 2 2 (teller 0)

4 4 8 (zie plot)
24 10 4

4 4 8 4 (zie plot)
18 94 10 4

.

'( ) 0 5 20 0 5 20 4 2 2.

Maximum : ( 2) 4.

Minimum : (2) .

x
x x x x

f x x x x x x

f

f

−

+ + + +

=

+
−− +

+
+ +

=

= ⇒ − = ⇒ = ⇒ = ⇒ = − ∨ =

− = = = −

= = =

 

62b       

 

    
    

 

2
36 4 40 5 36 20 160 16 8 3

10 100 10 5 536 30 4 (36 30 4)
8 8 48 3 3 3 3
5 5 5 5 5 5 5

3 ( 0)
5

( 6) 4 ( 6, 4) en '( 6) 1 .

:  door ( 6, 4) 4 6 4 4 9 13 . Dus : 1 13 .

 snijden met de -as 1y

f A f

k y x b A b b k y x

k x

+ −
− + − +

=

⋅− = = = ⇒ − − = = = = =

= + − ⇒ = ⋅ − + ⇒ + = + = = = +

⇒ 3 8 3 68 68
5 5 5 5 5

13 0 13x x x+ = ⇒ = = ⇒ =
5

⋅  

 

68 1 1
8 8 2 2

3 3 ( 0)
5 5

3 41 1 1( )
2 2 2 5 5

8 (8 , 0).

 snijden met de -as 0 13 (0, 13 ).

8 13 57 .

x

ABC

B

k y y C

O OB OC

=

∆

= = ⇒

⇒ = + ⇒

= ⋅ ⋅ = ⋅ ⋅ =

 

62c           
       

                        
   

 

2

2

  

( 1) ( 4) ( ) 444 5
14( 4)( 1) ( 4)( 1) ( 4)( 1) ( 4)( 1) ( 4)( 1)5 4

5 2
3 3

 

1 1 1 1 1 .

5 1
4  0

A x B x A B x A BB Ax A Bx Bx x A
xxx x x x x x x x x xx x

A B B
A B A B

+ + + + ++ + ++ −
+++ + + + + + + + + ++ +

−

= + = + + = + + = + = +

+ = − = =
⇒ + = +

( )

 

 

  

    
    

       

2 22
3 3

2

2 2
3 3

6 6 66 14 2 2
1 3 345 4 0

0 0
2 2 2 2 2 2 2
3 3 3 3 3 3 3

1 5 6 .
5

3 5

d 1 d 6 ln 4 1 ln 1

6 6 ln(10) 1 ln(7) 0 6 ln(4) 1 ln(1) ln(3) 6 6 ln(10) 1 ln(7) 6 ln(4) 6 1

x
xxx x

A A

B

x x x x x+
+++ +


⇒ + = − ⇒ = −

= −
− = −

   = − + = − + + +    

= − + − − + = = − + + = +

∫ ∫

2 2 2
3 3 5
ln(7) 6 ln( ).+

 

 

63a 

( ) ( )

    

 

  

     

1 (teller 0)
1 1

3 3
31

1 1 0
0 0

( ) 0 0.  ( ) 1 .

( ) d 1 d ln 1 3 ln(4) 0 ln(1) 3 ln(4).

x
x x

x
x x

f x x f x

O V x x x x

−
=

+ +

+ +

= ⇒ = = = +

= = − = − + = − − − = −  ∫ ∫

 

63b ( )

( ) ( ) ( )

( )

    
    

    
            

 

    
 

 

  
 

2

2 2 2 2 2

2 2( 1) 12 1 2 1 2 1
1 12 1 2 1 ( 1) ( 1) ( 1)

3 3 32 2 12
1 1 0

0 0
3

1
1 0

1 1 1 1 .

( ) d 1 ( 1) d 2ln 1 ( 1)

2ln 1

xx x x x
x xx x x x x x x

x
x x

x

I L x x x x x x

x x

π π π

π π

+ −+ +
+ ++ + + + + + +

− −

+ +

+

= = − = − = − = − +

 = ⋅ = ⋅ − + + = ⋅ − + − +  

 = ⋅ − + − = ⋅
 

∫ ∫

( ) ( ) 3 31
4 4 4

3 2ln(4) 0 2ln(1) 1 2 2 ln(4) 3 2 ln(4).π π π π π π− − − ⋅ − − = − + = −

 

 

64a 
  

    

  
 

    

2 2

2
2

2 21
1 1

10 642 23 2 3 10 8 ( ( 10) 4 3 3 100 36 64)
5 5 2 3 61

10 8 10 10 8 182 1 1
6 6 3 9 9 6 6

( ) ln( 1) '( ) 2 .

'( ) 3 3 10 3 10 3 0 .

ln( 1) ln( ) en 3 ln(9 1) ln(10.

x
x x

x D
x

f x x f x x

f x x x x x x

x y x y

+ +

± ±
= − − = − =

+
− +

= + ⇒ = ⋅ =

= ⇒ = ⇒ + = ⇒ − + = ⋅ ⋅ ⇒ = =
⋅

= = = ⇒ = + = = = = ⇒ = + =

 

64b   

2 2 2( ) ln(2) ln( 1) ln(2) 1 2 1 1 1.f x x x x x x= ⇒ + = ⇒ + = ⇒ = ⇒ = − ∨ =  

 

1/         \ 1
          1
             1

x x
x −

+

+

−

2 2

2
 

2 1/                  \ 1

                    2 1
                         2 1

x x x

x x
x

−

+ +

+ +

− −

2 2

2
 

5 4/        4         \ 1

                    5 4
                         5

x x x

x x
x

−

+ + +

+ +

−
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( ) ( )

( ) ( ) ( )
( ) ( ) ( ) ( ) ( )

   

 

 

  

   

 

2

2

2 2

2

2 2 2 2 1
1

2 22 2
1 1

2 2 22
1

ln( 1)d d ln( 1) dln( 1) d ln( 1) 2 d

d ln( 1) d d ln( 1) 2 d

d ln( 1) 2d d d ln( 1) d 2 d 2arctan( ) d ln( 1) 2 2arctan( ) .

( ) ln(2) ln(

x
x

x x

x

x x x x x x x x x x x

x x x x x x

x x x x x x x x x x x x

O V x

+

+ +

+

+ = + − + = + − ⋅ ⋅

= + − = + − −

= + − + = + − + = + − +

= −( )

( )

 

 

 

1 12 2

1
1

1 1 1 1
2 24 4

1) d ln(2) ln( 1) 2 2arctan( )

ln(2) ln(2) 2 2arctan(1) ln(2) ln(2) 2 2arctan( 1) 2 2 2 2 2 2 4 .

x x x x x x

π π π π π

−
−

 + = − + + −
 

= − + − − − + − − − = − ⋅ + + ⋅ − = − + − = −

∫

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Diagnostische toets 

D1a�  ( )  

2 3 4 3 4 3 3 5 3 51 1
5 5

3 ( 2 ) d ( 2 ) d 2 d ( 2) ( ) ( 2) .x x x x x x F x x c⋅ + = + + = + ⇒ = + +  

D1b�     

1 1 1
2 2 2

1
2

12 2 2 2 2 2 23 3 1
2 2 1

3 2 d 3 ( 2 ) d ( 2 ) d 2 d ( 2) ( ) ( 2) 2 .x x x x x x x x x F x x x c
 

⋅ + = ⋅ + = ⋅ + + = ⋅ + ⇒ = + ⋅ + + 
 

 

D1c�  ( ) ( ) ( )( )  

3 3 4 41 1
4 4

cos( ) 1 sin( ) d 1 sin( ) d sin( ) d sin( ) sin( ) ( ) sin( ) sin ( ) .x x x x x x x F x x x c   
⋅ + = + = + ⋅ ⇒ = + ⋅ +   
   

 

D1d�  ( )  

2 3 3 3 3 33 cos( 2 )d cos( 2 )d 2 d sin( 2) ( ) sin( 2) .x x x x x x F x x c⋅ + = + + = + ⇒ = + +  

D1e�  ( )   

    

3 2
3 3 26 3 3

2( 2 1 ) 2(2 1)
d 6 ( 2 1 ) d 3 ( 2 1 ) d2 1 d (2 1) ( ) .

x x
x x x x x x F x c− − −

−− −
= ⋅ − = ⋅ − − = − ⇒ = − +  

D1f�  ( )( )  

2 2 2 2 2 2

2 2 2

2 (2 3)ln( 3 )d 2ln( 3 )d 3 d 2 ( 3 ) ln( 3 ) ( 3 ) .

Dus ( ) 2( 3 ) ln( 3 ) 2( 3 ) .

x x x x x x x x x x x x x x

F x x x x x x x c

⋅ + + = + + = + ⋅ + − +

= + ⋅ + − + +

 

 

D2a�  ( ) ( ) ( ) ( )   

 

 

 

1 1 1
2 2 2

1
2

ln( ) 11 1 2
31

ln( ) 1 12 2 2 2 2 2
3 3 3 3 3 31

1

d ln( ) d ln( ) d ln( ) d ln( ) d ln( ) ln( ) .

d ln( ) ln( ) ln( ) ln( ) ln(1) ln(1) 1 1 0 0 .

x

x x

e ex
x

x x x x x x x x

x x x e e

 
= ⋅ = = = ⋅ 

 

 = ⋅ = ⋅ − ⋅ = ⋅ ⋅ − ⋅ ⋅ =
 ∫

 

D2b�  
 

   

 

2 2 2 2 2
2 2

1 1 2 1 1 1 4 1 0 1 5

00

2 d d 1 d 2 d .x x x x xx e x e x e x e x e e e e e+ + + + + + +   ⋅ = + = ⇒ ⋅ = = − = −      ∫  

D2c�  ( ) ( )( )  

 

 

 

1
12
2

3 43 1
4

3 4 4 4 4 41 1 1 1 1 1 1
24 4 4 4 4 40

0

sin( ) cos ( )d cos( ) d cos( ) d cos( ) .

sin( ) cos ( )d cos ( ) cos ( ) cos (0) 0 1 .

x x x x x x

x x x x
π

π
π

⋅ = − = −

 ⋅ = − = − − − = − ⋅ + ⋅ =
 ∫

 

D2d�  ( )   

   

 

 

  

2 2 2

2

2 26 1 1

1 1 1
3 32 2 26 10

21 1
1

d 6 d 3d 1 d 3ln( 1) .

d 3ln( 1) 3ln(3 1) 3ln(1 1) 3ln(10) 3ln(2) 3ln( ) 3ln(5).

x

x x x

x
x

x x x x x

x x

+ + +

+

= ⋅ = ⋅ + = +

 = + = + − + = − = =
 ∫

 

                    

                               

2 2

2
 

1/2             \ 2

2 2
2

x x

x
−

+

+

−
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D3a�  
       

    

    

 

 

  

2 2 2 2

2 2 2 2 2 2 2

2

2 2

3 2  (zit goed)

( 4) 8 8 28 8 32 16 8 32
4 ( 4) ( 4) ( 4)

28 32  (teller 0)
( 4)

2 2

Beginvoorwaarde: 4 0 4 .

( ) '( ) .

'( ) 0 0 8 32 0

8 32 4 2

x x xx x x x
x x x x

x
x

x x

f x f x

f x x

x x x x

+ − + − − +

+ + + +

− +
=

+

+ ≠ ⇒ ≠ −

⋅ ⋅
= ⇒ = = =

= ⇒ = ⇒ − + = ⇒

− = − ⇒ = ⇒ = − ∨

16 16 (zie plot)  (zie plot)
8 8

2.

minimium  is ( 2) 2 en maximium  is (2) 2.f f−

=

− = = − = =

 

D3b�  

( )

( ) ( )

  

 

   

   

 

 

 

2

2 2 2

2 2 23 8 8
5 54

2 28 1 1

4 4 4
4 423 8 32 8 20 24

5 5 5 5 5 51
1

( ) 1 8 ( 4) 5 8 4 5 5 4 0 ( 1)( 4) 0 1 4.

d 8 d 4d  4 d 4ln  4 .

( ) 1 d 4ln( 4) 4ln(20) 4ln(5) 4ln( ) 4ln

x
x

x

x x x

f x x x x x x x x x x x

x x x x x

f x x x x

+

+ + +

= ⇒ = ⇒ ⋅ + = ⋅ ⇒ + = ⇒ − + = ⇒ − − = ⇒ = ∨ =

= ⋅ = ⋅ + = +

 − = + − = − − − = − =
 ∫ 4

5
(4) 4 .−

 

D3c�  
 

 

 

  

   

 

2

2

2 2 2

42 2 28  (teller 0)
44 0

0

4 4 4 2 2 2 2 2 2 ( 0)
4 4 4

0

( ) 0 8 0 0 ( )d 4ln( 4) 4ln( 4) 4ln(0 4) 4ln( ).

( )d 8 4ln( ) 8 ln( ) 2 4 4 4 4 4 4.

p p px
x

p
p p p

p

f x x x f x x x p

f x x e p e p e p e

+
=

+

+ + +
>

 = = ⇒ = ⇒ = ⇒ = + = + − + =
 

= ⇒ = ⇒ = ⇒ = ⇒ + = ⇒ = − ⇒ = −

∫

∫

 

 

D4a�  ( ) ( )
( ) ( )

     4 sin(2 )d 2 dcos(2 ) d 2 cos(2 ) cos(2 )d2 d 2 cos(2 ) 2cos(2 )d

d 2 cos(2 ) dsin(2 ) d 2 cos(2 ) sin(2 ) .    Dus ( ) 2 cos(2 ) sin(2 ) .

x x x x x x x x x x x x x
x x x x x x F x x x x c

= − = − + = − +

= − + = − + = − + +

 

D4b�      

 

(2 3) d (2 3)d d(2 3) d(2 3) d(2 3) 2 d

d(2 3) d2 d((2 3) 2 ) d((2 1) ).    Dus ( ) (2 1) .

x x x x x x

x x x x x x
x e x x e x e e x x e e x

x e e x e e x e G x x e c

+ = + = + − + = + −

= + − = + − = + = + +

 

D4c�  ( ) ( ) ( )
( ) ( )

     

2 3 3 3 3 3 3 21 1 1 1 1 1 1 1
3 3 3 3 3 3 3

3 9 3 9 3 91 1 1 1 1 1
3 9 3 9 3 9

ln( )d ln( )d d ln( ) dln( ) d ln( ) d d ln( ) d

d ln( ) d d ln( ) .     Dus ( ) ln( ) .

xx x x x x x x x x x x x x x x x x

x x x x x x H x x x x c

⋅ = = ⋅ − = ⋅ − ⋅ = ⋅ −

= ⋅ − = ⋅ − = ⋅ − +

 

 

D5a�  

  

 

2 2 2

2 2 2

2 2 (zie plot)  (zie plot)

( ) ( 2 ) '( ) (2 2) ( 2 ) ( 2) .

'( ) 0 ( 2) 0 2 0 2 2 2.

maximium  is ( 2) (2 2 2)  en minimium  is ( 2) (2 2 2) .

( )  heeft precies d

x x x x

x
f x x x e f x x e x x e x e

f x x e x x x x

f e f e

f x p

−

= − ⋅ ⇒ = − ⋅ + − ⋅ = − ⋅

= ⇒ − ⋅ = ⇒ − = ⇒ = ⇒ = − ∨ =

− = + ⋅ = − ⋅

=
 2 (zie plot)rie oplossingen  voor 0 (2 2 2) .p e −

< < + ⋅

 

D5b�    

    

  

 

2 2

2 2 2 2 2

2 2

2

( ) 0 ( 2 ) 0 2 0 ( 2) 0 0 2.

( 2 ) d ( 2 )d d( 2 ) d( 2 ) d( 2 ) (2 2) d

d( 2 ) (2 2)d d( 2 ) d(2 2) d(2 2)

d( 2 ) d(2 2) 2 d

x

x x x x x x

x x x x x

x x x

f x x x e x x x x x x

x x e x x x e x x e e x x x x e x e x

x x e x e x x e x e e x

x x e x e e x

= ⇒ − ⋅ = ⇒ − = ⇒ − = ⇒ = ∨ =

− = − = − − − = − − −

= − − − = − − − + −

= − − − + =   

 

 

 

2

2 2

2 22 2 0

0
0

d( 2 ) d(2 2) d2

d( 2 2 2 2) d( 4 4) .

( ) ( )d ( 4 4) (4 8 4) (0 0 4) 0 4 1 4.

x x x

x x

x

x x e x e e

x x x e x x e

O V f x x x x e e e

− − − +

= − − + + = − +

 = − = − − + = − − + + + + = + ⋅ =
 ∫

 

 

D6a�  ( ) ( )
( ) ( ) ( )

( )

     

    

 

2 2 2 2 2

2 2

2 2

4 sin(2 )d 2 dcos(2 ) d 2 cos(2 ) cos(2 )d2 d 2 cos(2 ) 4 cos(2 )d

d 2 cos(2 ) 2 dsin(2 ) d 2 cos(2 ) d 2 sin(2 ) sin(2 )d2

d 2 cos(2 ) 2 sin(2 ) 2sin(2 )d d 2 cos(2 ) 2 sin(2

x x x x x x x x x x x x x x

x x x x x x x x x x

x x x x x x x x x x

= − = − + = − +

= − + = − + −

= − + − = − +( )
( ) ( )2 2

2

) dcos(2 )

d 2 cos(2 ) 2 sin(2 ) cos(2 ) d ( 2 1)cos(2 ) 2 sin(2 ) .

Dus ( ) ( 2 1)cos(2 ) 2 sin(2 ) .

x

x x x x x x x x x

F x x x x x c

+

= − + + = − + +

= − + + +

 

D6b�  ( ) ( ) ( )
( ) ( ) ( )
( ) ( )
( )

    

   

  

2 2 2 2 2

2 2

2 2

2

( 2) d ( 2)d d ( 2) d 2 d ( 2) (2 1) d

d ( 2) (2 1)d d ( 2) d (2 1) d(2 1)

d ( 2) (2 1) 2 d d ( 3 3) d2

d ( 3 5) .     Dus 

x x x x x x

x x x x x

x x x x x

x

x x e x x x e x x e e x x x x e x e x

x x e x e x x e x e e x

x x e x e e x x x e e

x x e

− + = − + = − + − − + = − + − −

= − + − − = − + − − + −

= − + − − + = − + +

= − +
2( ) ( 3 5) .xG x x x e c= − + +
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D6c�  ( ) ( )
( ) ( ) ( ) ( )

( )( )

    

  

 

 

sin(2 )d sin(2 )d d sin(2 ) dsin(2 ) d sin(2 ) 2cos(2 )d

d sin(2 ) 2cos(2 )d d sin(2 ) d 2 cos(2 ) d 2cos(2 )

d sin(2 ) 2cos(2 ) 4 sin(2 )d .

Uit sin(2 )d d sin(2 ) 2cos

x x x x x x

x x x x x

x x

x x

e x x x e e x e x e x e x x

e x x e e x e x e x

e x x e x x

e x x e x

= = − = − ⋅

= − = − +

= − −

= −( )( )
( )( ) ( )( )

( )

 

  

1
5

1
5

(2 ) 4 sin(2 )d  volgt nu

5 sin(2 )d d sin(2 ) 2cos(2 ) sin(2 )d d sin(2 ) 2cos(2 )

Dus ( ) sin(2 ) 2cos(2 ) .

x

x x x x

x

x e x x

e x x e x x e x x e x x

H x e x x c

−

= − ⇒ = −

= − +

 

 

D7a�  
 

 

 
 

2

1
12 1 1 1 1
1 2 24 41

1

d 2arctan( ) 2arctan(1) 2arctan( 1) 2 2 .
x

x x π π π π π
−+

−

= = − − = ⋅ − ⋅ − = + =  ∫  

D7b�  
 

   

    

2 2 21 1
2 2

2 3 2 3 2 3 2 34 1 2 1 1 1 2
2 2 3 34 ( ) 1 ( ) 1 0

0 0 0

d d d( ) 2arctan( ) 2arctan( 3) 2arctan(0) 2 .
x x x

x x x x π π
+ + +

 = = = = − = ⋅ = ∫ ∫ ∫  

D7c�  
 

   

 
           

2 2 2

2 2 2
21 1 1 1
1 42 2 ( 1) 1 2 ( 1) 1

1 1 1

d d d( 1) arctan( 1) arctan(1) arctan(0) .
x x x x

x x x x π
− + − − + − +

= = − = − = − =  ∫ ∫ ∫  

D7d�  ( )
 

  

   

2

6 3 2

1 1 13 33 1 1 1 1 1 1
24 4 4 41 ( ) 1 1

1 1

d d arctan( ) arctan(1) arctan( 1) .x
x x

x x x π π π π π
+ + −

− −

 = = = − − = − − = + =
 ∫ ∫  

D7e�  ( ) ( )

( ) ( )

 

  

     

1 1
2 2 1

2
2 2

cos( ) 1
0sin ( ) 1 sin ( ) 1

0 0
1 1
2 4

d d sin( ) arctan sin( )

arctan sin( ) arctan sin(0) arctan(1) arctan(0) .

x

x x
x x x

π π
π

π π

+ +
 = − =  

= − = − =

∫ ∫  

D7f�  
 

  

  

2

2

1 1 1arctan ( ) 2 3 3 3 3 3 31 1 1 1 1 1 1
3 3 3 3 3 19241 0

0 0

d arctan ( )darctan( ) arctan ( ) arctan (1) arctan (0) ( ) 0 .x

x
x x x x π π

+

 = = = − = ⋅ − ⋅ =
 ∫ ∫  

 

D8a�  

( ) ( )

   

    

       

 

 

2

  

2 2 2

1 1 1
2 24 5

2 2

1 1 1 1
1 1 1 1 1 1 1
2 2 2 24 5 ( 2) 4 5 ( 2) 1

0 0 0 0
11 1

2 20

(0)

4 5 2 4 3 0 ( 1)( 3) 0 1 3.

( ) ( ) d d d d

arctan( 2) 1 arctan( 1

x x

x x x x

f

x x x x x x x x

O V f x x x x x

x x

− +

− + − − + − +

= ⇒ = ⇒

− + = ⇒ − + = ⇒ − − = ⇒ = ∨ =

   
= − = − = − = −   

   

 = − − = ⋅ − −
 

∫ ∫ ∫ ∫

( )1 1 1 1 1
2 2 24 4

) 0 arctan( 2) arctan( 2) arctan( 2).π π− ⋅ − − = − − + − = + + −

 

D8b�  
  

 

 

1 1
2 3 3

2

( ) ( )d arctan( 2) arctan( 2) 2 tan( ) 3 2 3.
p

pO W f x x x p p pπ π= = − = − = ⇒ − = = ⇒ = +  ∫  

 

D9a�  ( )
    

2 2

1 1 1 1 1
2 2 21 4 1 (2 )

d d2 d arcsin(2 ) .   Dus ( ) arcsin(2 ) .
x x

x x x F x x c
− −

= ⋅ = ⋅ = +  

D9b�  ( ) ( )
    

4

10 5 2

5 5 55 1

1 1 ( )
d d d arcsin( ) .   Dus ( ) arcsin( ) .x

x x
x x x G x x c

− −
= = = +  

D9c�  ( ) ( )

( ) ( ) ( )

( )

  

  

      

2

2 2 2

1

1 (2 )
2 22 1 1 1 1

241 4 1 4 2 1 4

21 1
2

arcsin(2 )d d arcsin(2 ) darcsin(2 ) d arcsin(2 ) 2d

d arcsin(2 ) d d arcsin(2 ) d(1 4 ) d arcsin(2 ) d(1 4 )

d arcsin(2 ) d 1 4 d arcsin(2 )

x
x

x x x

x x x x x x x x x x

x x x x x x x x x

x x x x x

−

− − −

= − = − ⋅ ⋅

= − = + ⋅ − = + ⋅ −

= + ⋅ − = +
2 21

2 2
1 4 .  Dus ( ) arcsin(2 ) 1 4 .x H x x x x c 

⋅ − = + − + 
 

 

D9d�  ( ) 

  

2

2

arcsin ( ) 2 3 31 1
3 31

d arcsin ( )darcsin( ) d arcsin ( ) .   Dus ( ) arcsin ( ) .x

x
x x x x K x x c

−
= = = +  

 

D10a�  ( )
 

  

  

     

1 1
13 4 8 3

54 4 1
1 1

d 3 d 3 8ln 4 3 8ln(5) 3 8ln(3) 6 8ln(3) 8ln(5) 6 8ln( ).x
x x

x x x x+

+ + −
− −

 = − = − + = − − − − = + − = + ∫ ∫  

D10b�  

( )

 

   

  

    
  

12
4

3 3 33 22 4 131 1 1 1
2 3 2 2 3 84 4 4 2

2 2
9 3 13 4 13 6 13 132 2

8 8 8 84 4 4 4 4 4

d d ln 2 3

ln(3) ln(1) ln(3) 1 ln(3).

x x
x x

x x x x x x− +
− −

   = − + = − + −    

= − + − − + = + − = +

∫ ∫  

  

                 

                           

 

4/3 4            \3
3 12

8

x x
x −

+ +

+

−

                   

                           

                             

                                          

2 1 1
2 4

2 1
2  
1
2

31
2 4  

1
4

2 3/ 2   4         \

1

4

3

x x x x

x x

x

x

−

−

− − + −

−

− +

− +
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D11a�  
           

            

  
      

22 2 2 2

2 2 2

( 1) (2 2) ( 2 ) 12 2 2 2 2 2 2 2
1 ( 1) ( 1) ( 1)

2 (teller 0)  (

Noemer 0 1 0 1. Dus verticale asymptoot: 1.

( ) '( ) .

'( ) 0 2 2 0

x x x xx x x x x x x x x
x x x x

D

x x x

f x f x

f x x x

+ − − −− − + − − + + −
+ + + +

=

= ⇒ + = ⇒ = − = −

⋅ ⋅
= ⇒ = = =

= ⇒ + − =
    

  

                 

       

     

2

2

2

2 2 32 122 4 1 2 4 8 12)
2 1 2

( 1 3) 2 2 3 1 2 3 3 2 2 3 6 4 3 3 6 3 12 (zie plot)
31 3 1 3 3 3

( 1 3) 2 2 3
 (zie plot)

1

1 3.

Max.: : ( 1 3) 2 3 4.

Min.: : ( 1 3)

x

f

f

− ±− ±
= − − = + =

− − + + + + + + + +

−− − + − −

− + + −

−

⋅ ⋅ ⇒ = = = − ±
⋅

− − = = = ⋅ = = − −

− + =
            

    

1 2 3 3 2 2 3 6 4 3 3 6 3 12
33 1 3 3 3

2 3 4.− + + − − −

+ +
= = ⋅ = = −

 

D11b�   (zie plot en D11a)( )  heeft geen oplossingen  voor 2 3 4 2 3 4.f x p x= − − < < −  

D11c�  

( ) ( )

( )

 

  

  

 

  

  
 

2 22  (teller 0)
1

2 2 223 1
1 2 0

0 0
4
2

( ) 0 0 2 0 ( 2) 0 0 2.

( ) ( ) d 3 d 3 3ln 1

6 3ln(3) 0 3ln(1) 4 3ln(3).

x x
x

x

f x x x x x x x

O V f x x x x x x x

−
=

+

+

= ⇒ = ⇒ − = ⇒ − = ⇒ = ∨ =

 = − = − + − = − + − +
 

= − + − − − = −

∫ ∫

 

 

D12a�     

    

  

  

2

2 2 2 2

2 2

24 4 1 4 1
1 1 1 1

2 2 24 2
1 1

( ) 1 1 ( ) 2ln( 1) arctan( ) .

Want d d( 1) 2 dln( 1) d2ln( 1).

x x x x
x x x x
x

x x

f x F x x x x c

x x x x

− +

+ + + +

+ +

= = − = − − ⇒ = − + − +

= + = ⋅ + = +

 

D12b�  
      

   

  
           

  

2

2 2 2 2 2

8( 2) 12 8( 2) 24 8 4 812
24 4 ( 2) ( 2) ( 2) ( 2)

1 12
2

( ) 1 1 1 1 12 ( 2) .

Dus ( ) 8ln 2 12 ( 2) 8ln 2 .

x xx x x
xx x x x x x

x

g x x

G x x x x c x x c

− + − −+ −
−− + − − − −

−

−

= = + = + = + + = + + ⋅ −

= + − − ⋅ − + = + − − +

 

D12c�  

( ) ( )

        

            

  

            

2 2 2 2

2 2 2 2

22 6 9 92 3 2 6
6 10 6 10 6 10 ( 3) 1

2 9 92 6 1
6 10 6 10 ( 3) 1 ( 3) 1

( ) ( ) ln( 6 10) 9arctan( 3) .

Want d d 6 10  en d d 3 .

xx x
x x x x x x x

x
x x x x x x

h x H x x x x c

x x x x x

+ −− +

+ + + + + + + +

+

+ + + + + + + +

= = = − ⇒ = + + − + +

= + + = +

 

D12d�  
   

 

4

2 2 2 2
39

1
3

2 2 29 981
9 9 ( ) 11

3 391 1
3 3 3 3

( ) 9 9 9 .

Dus ( ) 9 arctan( 1) 9 27 arctan( ) .

xx

x
x x

x x

k x x x x

K x x x c x x c

+ + ++

= = − + = − + = − +

= − + + + = − + +

 

 

D13a�            
      

                        
 

 

2

   

            

( 1) ( 1) ( )6 6
1 1( 1)( 1) ( 1)( 1) ( 1)( 1) ( 1)( 1) ( 1)( 1)1

 

.

0 3
3 0 3.

6 0

A x B x A B x A BB Ax A Bx BA
x xx x x x x x x x x xx

A B B
A AA B A B

− + + − +− + +

+ −+ − + − + − + − + −−

+

= = + = + = =

+ = = 
⇒ ⇒ + = ⇒ = − − + = + =

( ) ( )
 

  

      
 

 

2

4 4
46 3 3

1 1 21
2 2

2 6

d d 3ln 1 3ln 1 3ln(5) 3ln(3) 3ln(3) 3ln(1) 6ln(3) 3ln(5).
x xx

B

x x x x−
+ −−

=

= + = − + + − = − + − − + = −  ∫ ∫

 

D13b�  
          

          

                        
   

 

2

  

( 1) ( 3) ( ) 333 2 3 2
3 1( 3)( 1) ( 3)( 1) ( 3)( 1) ( 3)( 1) ( 3)( 1)4 3

1
12

 

.

3
3 2 3

A x B x A B x A BB Ax A Bx Bx x A
x xx x x x x x x x x xx x

A B B
AA B A B

+ + + + ++ + ++ +
+ ++ + + + + + + + + ++ +

−

= = + = + = =

+ = = − 
⇒ ⇒ − + = + = 

( )
 

  

  

    
    

       

1 1
2 2

2

1
2 2

1 1 133 2 1 1 1 1 1 1
3 1 2 2 2 2 2 24 3 0

0 0
21 1 1 1 1 1 1

2 2 2 2 2 2 2

3 3 .

2 1

d d 3 ln 3 ln 1 3 ln(4) ln(2) 3 ln(3) ln(1)

3 ln(2 ) ln(2) 3 ln(3) 7ln(2) ln(2) 3 ln(3) 6 ln(2) 3 ln(3

x
x xx x

A

B

x x x x+
+ ++ +

= ⇒ =

− =

   = − = + − + = − − −    

= − − = − − = −

∫ ∫

).

 

 

D14a�  

( ) ( )
 

  

    

 (teller 0)
2 2

23
3 0

0 0

( ) 0 3 6 0 3 6 2.

( ) ( )d 3 d 3 3ln 3 6 3ln(1) 0 3ln(3) 6 3ln(3).
x

f x x x x

O V f x x x x x

=

−

= ⇒ − = ⇒ = ⇒ =

= = + = + − = + − + = −  ∫ ∫

 

D14b�  ( ) ( ) ( ) ( )

( ) ( )

       

  

  
      

 

    

  

  
  

  

2

2 2

2

2 2 2 222 9 36 363 6 18 45
3 6 9 6 9

0 0 0 0
2 2 218( 3) 9 2 118

3( 3) 0
0 0

( ) ( ) d d d 9 d

9 d 9 9( 3) d 9 18ln 3 9( 3)

9 18ln

x xx x
x x x x x

x
xx

I L f x x x x x

x x x x x x

x x

π π π π

π π π

π

− +− −
− − + − +

− + − −

−−

= = = = +

   = + = + + − = + − − −     

= + −

∫ ∫ ∫ ∫

∫ ∫

( ) ( ) ( )
 

  
  

2
9
3 0

3 18 18ln(1) 9 0 18ln(3) 3 27 18ln(3) 3 24 18ln(3).
x

π π π π π
−

 − = + + − + + = − − = −  

 

  

               

      

                 

                             

                          

                                   

2

2
 

 

1/ 2        \ 3

3
3 3

3

x x x x

x x
x
x

−

−

+ − + − +

− −

+

−

                  

                        

2 2

2
 

1/ 4      \1

       1
4 1

x x x

x
x

−

+ −

+

− −

                                  

                                              

2 2

2
 

4 4/ 4      \1

4 4
8 4

x x x x

x x
x

−

− + +

− +

−

                   

                          

                            

                                               

2 4 2

4 2
 

2

2
 

9/             \ 9

9

9

9 81
81

x x x

x x
x

x

−

−

+ −

+

−

− −

  

               

                           

 

3/3 6   \ 3
3 9

3

x x
x −

− −

−

  

                                 

                                                 

2 2

2
 

6 9/9 36 36   \ 9

9 54 81
18 45

x x x x

x x
x

−

− + − +

− +

−
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Gemengde opgaven  K. Voortgezette integraalrekening 

G39a�  
      

    

            

  

  

      

1
2

2 2 2 2

2 2

(2 4) 4 22 2 4 41 1 1
2 2 24 8 4 8 4 8 ( 2) 4

2 2 22 41 1 1 1 1
2 2 2 24 8 4 8

4

( ) ( ) ln 4 8 2arctan( 1) .

Want d d( 4 8) dln 4 8 d ln 4 8

en 

xx x
x x x x x x x

x
x x x x

f x F x x x x c

x x x x x x x

− ++ −

− + − + − + − +

−

− + − +

⋅
= = = ⋅ + ⇒ = − + + − +

⋅ = ⋅ − + = ⋅ − + = − +

 

              

2 2 2 21 1 1
2 24

1 1 2 1 1
2 2( 2) 4 ( 2) 1 ( 1) 1 ( 1) 1

d d d d( 1) d2arctan( 1).
x x x x

x x x x x
− + − + − + − +

= = = − = −
⋅

 

G39b� ( )   

2 3 3 3 3 2 3 33 sin( )d sin( )d( ) d cos( )     dus  ( ) 3 sin( ) ( ) cos( ) .x x x x x x f x x x F x x c⋅ = = − = ⋅ ⇒ = − +  

G39c�  ( ) ( ) ( ) ( )( )

( )

    

41
3 3

4
3

313 3
4

33 3
4

cos( ) 1 sin( ) d 1 sin( ) d 1 sin( ) d 1 sin( ) d 1 sin( ) 1 sin( ) .

( ) cos( ) 1 sin( ) ( ) 1 sin( ) 1 sin( ) .

x x x x x x x x

f x x x F x x x c

 
⋅ + = + + = ⋅ + = ⋅ + ⋅ + 

 

= ⋅ + ⇒ = ⋅ + ⋅ + +

 

G39d� ( )

( ) ( ) ( )

    

 

1
2

1
2

1
2

(2 4) cos(2 )d (2 4)dsin(2 ) ( 2)dsin(2 ) d ( 2) sin(2 ) sin(2 )d( 2)

d ( 2) sin(2 ) sin(2 )d d ( 2) sin(2 ) d cos(2 ) .

( ) (2 4) cos(2 ) ( ) ( 2) sin(2 ) cos(2 ) .

x x x x x x x x x x x

x x x x x x x

f x x x F x x x x c

+ ⋅ = + = + = + ⋅ − +

= + ⋅ − = + ⋅ +

= + ⋅ ⇒ = + ⋅ + +

 

G39e�

( )

  

   

              

  

   

  

1
4

2 2 2 2 2 2 21
16 4

2

2 22 1 2 1 1 1 1
416 16 16 16 1 2 16 1 ( )

2 22 11 1
4 416

d d d d(16 ) d 2 d(16 ) d( )

2d( 16 ) d arctan( ) .  Dus ( ) ( ) 2 16 arctan( ) .

x

x x x

x x x x x x

x

x

x x x x x x

x x f x F x x x c

+

− − − − − − −

+

−

= + = − − + = − ⋅ − +

= − − + = ⇒ = − − + +

 

G39f�  
  

    

         

  

   

2 2 2

2

2 2 22 4 1 1

4 3 4 3 2 4 3
22 4

4 3

d d( 4 3) 2 d( 4 3) d( 2 4 3).

( ) ( ) 2 4 3 .

x

x x x x x x
x

x x

x x x x x x x

f x F x x x c

+

− − − − − − − − −

+

− − −

= − − − − = − − − − = − − − −

= ⇒ = − − − − +

 

G39g�  
                    

                        
   

2

   

( 2) ( 4) ( ) 2 42 42 7 2 7
24( 4)( 2) ( 4)( 2) ( 4)( 2) ( 4)( 2) ( 4)( 2)6 8

( ) .

2 2  2 2
 
12 4 7

A x B x A B x A BB Ax A Bx Bx x A
xxx x x x x x x x x xx x

f x

A BA B
A B

+ + + + ++ + ++ +
+++ + + + + + + + + ++ +

= = = + = + = =

+ =+ = ×
⇒ ×+ =  

  

   

                                                                

2

1
1 12
2 2

2 7 1 1
2 26 8

4 1
1 2 .

2 4 7 2
2 3

( ) ( ) ln 4 1 ln 2 .x
x x

B
A A

A B A B
B

f x F x x x c

+

+

+ +

 = 
⇒ ⇒ + = ⇒ = + = + = 

− = −

= ⇒ = + + + +

 

 

G40a�  ( )
22 2

2 2 2

( ) 4 sin ( )cos( ) 4 sin( ) cos( ) 4sin ( )cos( ).

( ) 4sin ( )cos( ) 4 sin ( ) cos( ) 4sin ( )cos( ).
Voor elke  geldt: ( ) ( ) de lijn  is symmetrieas van de grafiek van .

f p p p p p p p

f p p p p p p p
p f p f p x f

π π π

π π π

π π π

+ = + + = − ⋅ − = −

− = − − = ⋅ − = −

+ = − ⇒ =

 

G40b� 2 2 2 3

2 2 2 3 2 3
( ) 4 sin ( )cos( ) '( ) 4 2sin( )cos( ) cos( ) 4 sin ( ) sin( ) 8sin( )cos ( ) 4sin ( ).

( ) 4sin ( )cos( ) 4 0 1 0 en '( ) 8sin( )cos ( ) 4 sin ( ) 8 0 ( 1) 4 0 0.
Dus de grafiek van  raakt de 

f x x x f x x x x x x x x x

f f
f

π π π π π π π

= ⇒ = ⋅ ⋅ + ⋅ − = −

= = ⋅ ⋅ − = = − = ⋅ ⋅ − − ⋅ =

 -as in ( , 0).x π

 

G40c�   

 

2 2 3 2 31 1 1 1 1 1 1 1
2 2 2 2 2 2 2 2

1 1
2 2

( ) 4 sin ( )cos( ) 0 ( , 0) en '( ) 8sin( )cos ( ) 4 sin ( ) 8 1 0 4 1 4.

Raaklijn: 4  door ( , 0) 0 4 2 . Dus raaklijn 4 2 .

f A f

y x b A b b y x

π π π π π π π π

π π π π

= = ⇒ = − = ⋅ ⋅ − ⋅ = −

= − + ⇒ = − ⋅ + ⇒ = = − +

 

G40d� ( )

( )

( ) ( )

  

  

    

1
12
2

1
1 2
2

2 2 3 34 4
3 3

3 34 4
3 30

0

3 3 3 38 8 8 8 8 81 1
3 2 3 3 3 2 3 3

( )d 4sin ( )cos( )d 4sin ( )dsin( ) d sin ( ) ( ) sin ( ) .

2 ( )d 2 ( ) d 2 sin ( ) 2 sin ( )

sin ( ) sin (0) sin ( ) sin ( ) 0 0

f x x x x x x x x F x x c

O f x x f x x x x
π π π π

π
π

π π π

= = = ⇒ = +

   = ⋅ + ⋅ − = + −
   

= − − − = − − − =

∫ ∫

8 8 16 1
3 3 3 3

5 .+ = =

 

 

G41a�         
    

    

  

2 2 2 2

2 2 2 2 2 2 2 2

( 4) 2 2 22 2 8 4 2 8 8 8 1
16 24 ( 4) ( 4) ( 4) ( 4)

1 (zie plot)
2

( ) '( ) .  Dus '(0) .

De lijn  snijdt de grafiek van  in precies drie punten  voor 

x x xx x x x
x x x x

f x f x f

y ax f a a

− − − − − − −

− − − − −

⋅ ⋅
= ⇒ = = = = = − = −

= < − ∨ 0.>

 

G41b�  

( ) ( ) ( )

  

 

 

  

 
  

  

2

2

2 2

2 2 22 2
34

0 0 0
22 32 2 2 2 2 2

3 3 3 3 3 3 44 1
1 1

2 22 1
4 4

2 8 6 2 6 8 0 3 4 0 ( 4)( 1) 0 4 1.

( ) d d ln 4 0 ln(4) ln(3) ln(3) ln(4) ln( ).

Want d d( 4) dln

x
x

x
x

x
x x

x x x x x x x x x x

O f x x x x x

x x x

−

− −
− −

− −

= ⇒ − = ⇒ − − = ⇒ − − = ⇒ − + = ⇒ = ∨ = −

 = − = − = − − = − − − − = + − = +  

= − =

∫ ∫
24 ( ) ln 4 .F x x c− ⇒ = − +

 

pπ −

p
pπ +
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G42a�  

  

    

  

1 11
2 22

1 22
2

2 2 2

2 2 1
2

12 2 12 09 91 1 1 1
2 2 24

( ) (2 1) '( ) (4 1) (2 1) (2 5 ) .

'( ) 0 (2 5 ) 0 2 5 0 (2 5) 0 0 2 .

( 2 ) (2 6 2 1)  en (0) 1 1 1 1  toppen ( 2 ,

x x x x

x

e e e
e

f x x x e f x x e x x e x x e

f x x x e x x x x x x

f e f e
− −−

= + − ⇒ = + + + − = +

= ⇒ + = ⇒ + = ⇒ + = ⇒ = ∨ = −

− = ⋅ − − = = = − ⋅ = − ⋅ = − ⇒ −
⋅   

2 ) en (0, 1).
e

−
⋅

 

G42b�

( ) ( )
( ) ( )

    

  

  

22 2 1 3 1 3 1 ( 1 4 2 1 1 8 9)
2 2 24

2 2 2 2 2

2 2

( ) (2 1) 0 2 1 0 1 .

(2 1) d (2 1)d d (2 1) d(2 1) d (2 1) (4 1) d

d (2 1) (4 1)d d (2 1) d (4 1

x D

x x x x x x

x x x

f x x x e x x x x

x x e x x x e x x e e x x x x e x e x

x x e x e x x e x

− − − +
= − − = + == + − = ⇒ + − = ⋅ ⋅ ⇒ = = − ∨ = =

⋅

+ − = + − = + − − + − = + − − +

= + − − + = + − − +( )( )
( ) ( ) ( ) ( )

( )
 

 

  

1
12 1
2 2

2 2 2

2 13 72
241

1

) d(4 1)

d (2 1) d (4 1) 4 dx d (2 1) (4 1) 4 d (2 3 2) .

( ) ( ) d (2 3 2) ( 2) (2 3 2) .

x x

x x x x x x x

x
e

e e x

x x e x e e x x e x e e x x e

O V f x x x x e e e e−

−
−

− +

= + − − + + = + − − + + = − +

 = − = − − + = − − + − − + + = − +
 ∫

 

G42c�  ( ) ( )

( )

 

 

  

2 71 1
2 21

1
2 7 71  (intersect)

2

( ) d ( ) (2 3 2)

(2 3 2) 0,113.

p px
e

p
e e

f x x O V x x e e

p p e e p

−
−

 − = ⇒ − − + = − + ⇒
 

− − + + = − + ⇒ ≈ −

∫  

G42d� ( ) ( )  

1 1
2 2 22 21 1 1  (fnInt)

2 2 2
1 1

omtrek( ) 1 booglengte 1 1 '( ) d 1 1 (2 5 ) d 4,117.xV f x x x x e x
− −

= + = + + = + + + ≈∫ ∫  

 

G43a�  
         

         

    

    

2 2 33 4 2 2 4 2 4 2

2 2 2 2 2 2 2

( 1) (3 10) ( 10 ) 210 3 10 3 10 2 20 7 10
1 ( 1) ( 1) ( 1)

4 2 2 2 2 2 2 (teller 0)

( ) '( ) .

'( ) 0 7 10 0 ( 2)( 5) 0 2 5 2 5.

x x x x xx x x x x x x x x
x x x x

f x f x

f x x x x x x x x x

f

+ + − ++ + + + − − − +

+ + + +

=

⋅ ⋅
= ⇒ = = =

= ⇒ − + = ⇒ − − = ⇒ = ∨ = ⇒ = ± ∨ = ±

    

 

    

    

 

    

      

2 2 10 2 12 2 2 2 10 2 12 2
2 1 3 2 1 3

5 5 10 5 15 5 5 5 10 5 15 51 1
5 1 6 2 5 1 6 2

1 1
2 2

( 2) 4 2  en  ( 2) 4 2.

( 5) 2 5  en ( 5) 2 5.

De toppen zijn ( 5, 2 5),  ( 2, 4 2),  ( 2, 4 2),  en ( 5, 2 5).

f

f f

− − − +

+ +

− − − +

+ +

− = = = − = = =

− = = = − = = =

− − − −

 

G43b�       

 

  
  

 

2
1 10 1 7 10 411 1 1
1 1 2 2 2 4(1 1)

1 1 1 1
2 2 2 2

(1) 5 (1, 5 ) en '(1) 1.

Raaklijn:  door (1, 5 ) 5 1 4 . Dus de raaklijn is: 4 .

f A f

y x b A b b y x

+ − +
+ +

= = = ⇒ = = =

= + ⇒ = + ⇒ = = +

 

G43c�      

1 1 (zie plot)
2 2

( )  heeft precies een oplossing  voor 4 2 2 5 2 5 4 2.f x p p p p= < − ∨ − < < ∨ >  

G43d� ( ) ( ) ( )

( )

 

  

   

 

 

  

13
2

2 2 2

42 2 2 2 2 2910 1 1 1 1 1
2 2 2 2 21 1 1

3 32 2 91 1 1 1 1 1
2 2 2 2 2 2 20

0

d d d d d( 1) d 4 d ln( 1) d 4 ln( 1) .

( )d 4 ln( 1) 4 ln(10) 0 4 ln(1) 4 4 ln(10).

xx x
x x x

x x x x x x x x x x

O f x x x x

+

+ + +
= + = + + = + + = + +

 = = + + = + − + = +
 ∫

 

 

G44a�  ( ) ( ) ( )
( ) ( ) ( ) ( )

3 4 4 4 4 41 1 1 1 1 1
4 4 4 4 4

4 3 4 4 4 41 1 1 1 1 1
16 164 4 4 4

3 4 41 1
164

ln( )d ln( )d d ln( ) dln( ) d ln( ) d

d ln( ) d d ln( ) d d ln( ) .

( ) ln( ) ( ) ln( ) .

xx x x x x x x x x x x x x

x x x x x x x x x x

f x x x F x x x x c

= = − = − ⋅

= − = − = −

= ⇒ = − +

 

G44b� ( ) ( ) ( )
( ) ( ) ( ) ( ) 

3 2 2 2 2 21 1 1 1 1 1
2 2 2 2 2

2 2 2 2 23 31 1 1 1
2 2 2 24 4

3 2 231
2 4

ln( )d 3ln( )d 3ln( )d d 1 ln( ) 1 dln( ) d 1 ln( ) 1 d

d 1 ln( ) 1 d d 1 ln( ) d d 1 ln( ) .

( ) ln( ) ( ) 1 ln( ) .

xx x x x x x x x x x x x x x x x

x x x x x x x x x x

f x x x F x x x x c

= ⋅ = = − = − ⋅

= − = − = −

= ⇒ = − +

 

G44c�  ( ) ( ) ( )

( ) ( )
          

        
    

2 2

1 1 1 1 11 1 1 1 1 1
1 1 1 1 1

1 1 1 1 11 1 1 1 1 1
1 1 1 1( 1) ( 1)

ln( )d ln( )d d ln( ) dln( ) d ln( ) d

d ln( ) d d ln( ) d d ln( ) .

(

n n n n n n
xn n n n n

n n n n n n
n n n nn n

n

x x x x x x x x x x x x x

x x x x x x x x x x

f

+ + + + +

+ + + + +

+ + + + +

+ + + ++ +

= = − = − ⋅

   
= − = − = −   

   

  
  

2
1 11 1

1 ( 1)
) ln( ) ( ) ln( ) .n n n

n n
x x x F x x x x c+ +

+ +
= ⇒ = − +

 

G44d� ( ) ( ) ( )
( ) ( ) ( ) 

2 2 2 2 21 1 1 1 1 1
2 2 2 2 2

2 2 2 2 21 1 1 1 1 1
2 2 2 24 4

2 21 1
2 4

ln( )d ln( )d ln( )d d ln( ) dln( ) d ln( ) d

d ln( ) d d ln( ) d d ln( ) .

( ) ln( ) ( ) ln( ) .

m
x

m
m

x x x x m x x m x x mx x mx x mx x mx x

mx x xm x mx x mx mx x mx

f x x x F x mx x mx c

= ⋅ = = − = − ⋅

= − = − = −

= ⇒ = − +

 

                        

                                 

2 3

3
 

1/ 10             \

9

x x x x

x x
x

−

+ +

+
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G45a�  Maak een schets van de plot hiernaast.  

G45b�
 ( '( ) 0)

'(3,1) 0,707 en '(3,1) 0,707. 
Ik denk dat de grafiek de -as niet raakt. f

f f
x π ≠

≈ − ≈  

G45c�  2 2 1 (gebruik nu: cos(2 ) 2cos ( ) 1)
2

2 21 1 1 1
2 2 2 2

1 1 1 1 1 1
2 2 2 2 2 2

1
2

( ) 1 cos( ) 1 2cos ( ) 1

2cos ( ) 2 cos ( ) 2 cos( ) 2 cos( ) .

Voor 0  is cos( ) 0 ( ) 2 cos( ) '( ) 2 sin( ) 2 sin( ).

lim '( ) 2

A A

x

f x x x

x x x x

x x f x x f x x x

f x
π

π

= −

→

= + = + −

= = ⋅ = ⋅ = ⋅

< < > ⇒ = ⋅ ⇒ = ⋅ − ⋅ = − ⋅

= − ⋅ 1 1 1
2 2 2

sin( ) 2 1 2 0, dus de grafiek van  raakt de -as niet.f xπ = − ⋅ = − ≠

 

G45d�
 

  

  

1 1 1
2 2 20

0 0

1 cos( ) d 2 cos( )d 2 2 sin( ) 2 2 sin( ) 2 2 sin(0) 2 2 1 0 2 2.O x x x x x
π π

π
π = + = ⋅ = ⋅ = ⋅ − ⋅ = ⋅ − =

 ∫ ∫  

 

G46a�  

( ) ( ) ( )

( ) ( )

    
  

  

  

 

2 0 1
1

2

( ) 2ln ( ) 2ln( ) 0 2ln( ) (ln( ) 1) 0 ln( ) 0 ln( ) 1 1 .

2ln ( ) 2ln( ) d 2ln( ) (ln( ) 1) d 2(ln( ) 1)d ln( )

d 2(ln( ) 1) ( ln( ) ) 2 ( ln( ) )d ln( ) 1

d 2(ln( ) 1) ( ln(

f x x x x x x x x e x e e

x x x x x x x x x x

x x x x x x x x

x x

= − = ⇒ ⋅ − = ⇒ = ∨ = ⇒ = = ∨ = =

− = ⋅ − = − −

= − ⋅ − − ⋅ − −

= − ⋅( )

( )
( ) ( )
( )

 

  

 

 

1) ) 2 ( ln( ) ) d

d 2(ln( ) 1) ( ln( ) ) 2 (ln( ) 1)d

d 2(ln( ) 1) ( ln( ) ) d 2 ( ln( )

d 2(ln( ) 1) ( ln( ) ) 2( ln( ) 2 ) .

xx x x x x x

x x x x x x
x x x x x x x x
x x x x x x x

− − ⋅ − ⋅

= − ⋅ − − ⋅ −

= − ⋅ − − ⋅ − −

= − ⋅ − − −

 

( )

( )
( ) ( )

 

 
  

  
1 1

1

( ) d 2(ln( ) 1) ( ln( ) ) 2( ln( ) 2 )

2(ln( ) 1) ( ln( ) ) 2( ln( ) 2 ) 2(ln(1) 1) (ln(1) 1) 2(ln(1) 2)

2(1 1)( 1 ) 2( 1 2 ) 2(0 1)(0 1) 2(0 2) 0 2 2 1 1 4 2 ( 2

e
eO f x x x x x x x x x

e e e e e e e
e e e e e e

= − = − − ⋅ − + −  

= − − ⋅ − + − − − − ⋅ − + −

= − − ⋅ − + ⋅ − − − − − + − = − − − ⋅ − ⋅ − − = − − − −

∫

4) 2 6.e= − +

 

G46b�

( ) ( ) ( )

( ) ( )

    
  

  

  

 

2 0

2

( ) 2ln ( ) 2 ln( ) 0 2ln( ) (ln( ) ) 0 ln( ) 0 ln( ) 1 .

2ln ( ) 2 ln( ) d 2ln( ) (ln( ) ) d 2(ln( ) )d ln( )

d 2(ln( ) ) ( ln( ) ) 2 ( ln( ) )d ln( )

d 2(ln( ) ) ( ln(

p
pf x x p x x x p x x p x e x e

x p x x x x p x x p x x x

x p x x x x x x x p

x p x

= − = ⇒ ⋅ − = ⇒ = ∨ = ⇒ = = ∨ =

− = ⋅ − = − −

= − ⋅ − − ⋅ − −

= − ⋅( )

( )
( ) ( )
( )

 

  

 

 

1) ) 2 ( ln( ) ) d

d 2(ln( ) ) ( ln( ) ) 2 (ln( ) 1)d

d 2(ln( ) ) ( ln( ) ) d 2 ( ln( ) )

d 2(ln( ) ) ( ln( ) ) 2( ln( ) 2 ) .

xx x x x x x

x p x x x x x
x p x x x x x x x
x p x x x x x x

− − ⋅ − ⋅

= − ⋅ − − ⋅ −

= − ⋅ − − ⋅ − −

= − ⋅ − − +  

( )

( )

( )

 

 
  

  1
1

( ) d 2(ln( ) ) ( ln( ) ) 2( ln( ) 2 )

2(ln( ) ) ( ln( ) ) 2( ln( ) 2 ) 2(ln(1) ) (ln(1) 1) 2(ln(1) 2)

2( )( ) 2( 2 ) 2(0 )(0 1) 2(0 2) 0 2 4

p
pe

e
p

p p p p p p p

p p p p p p

O f x x x p x x x x x x

e p e e e e e e p

p p e p e e p e p pe e

= − = − − ⋅ − + −  

= − − ⋅ − + − − − − ⋅ − + −

= − − ⋅ − + ⋅ − − − − − + − = + − +

∫

  

2 4.

8 2 4 2 4 8 (2 4) 2 4 0 (2 4)( 1) 0 2 1 2.p p p p p
p

O pe e p e p p p e p e p

+

= ⇒ − + + = ⇒ − + − = ⇒ − + = ⇒ = ∨ = − ⇒ =

 

 

G47a�  

[
 

0 (zie plot)  (zie plot)

( ) '( ) 1 1 1 .

'( ) 0 1 0 1 0 0.

Minimum  is (0) 0 1 1, .

x x x

x x

f

f x x e f x e e

f x e e x x

f e B

− − −

− −

= + ⇒ = + ⋅ − = −

= ⇒ − = ⇒ = ⇒ − = ⇒ =

= + = ⇒ = →

 

G47b� ( ) ( )
 

  

    

  

2 2 21 1 1
2 2 2

2 21 1  (stel )  ( 62 4 1 1 40)

6 40 6 2 10  (geen
2 1 2

( ) ( )d d .

( ) 6 6 6 0 ( ) 6 1 0 6 1 0

3 10 3 10

p
p p

p p p p p p px x
p

p
p p

p p p p e t Dp e e
p

O V f x x x e x x e p e p e e e

O V e e e e t t

t t e

− −− −

−
− −

= = − − =

− ± − ±

 = = + = − = − − − = −
 

= ⇒ − = ⇒ + − = ⇒ + − = ⇒ + + = ⋅ ⋅ ⇒

= = = − ± ⇒ = = − −
⋅

∫ ∫

   oplossing) 3 10 ln( 3 10).pt e p∨ = = − + ⇒ = − +

 

G47c�  ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

 

   

 

0 0 0 022 2 2 3 21 1
3 2 1

1 1 1
0 0 1 1 2 2 21 1 1 1 1 1 1 1

2 3 2 2 3 2 2 6

( ) ( ) d d 2 d 2 2

0 0 2 2 2 0 0 2 2 .

2 d 2 d d( 2 ) d( 2 ) d( 2 ) 2

x x x x x x

x x x x x

I L f x x x e x x xe e x x xe e e

e e e e e e e

xe x x e xe e x xe

π π π π

π π π π π

− − − − − −

−
− − −

− − − − −

 = = + = + + = − − −  

= − − − − − + − − = − − − − − − = −

= − = − − − = − +

∫ ∫ ∫

d d( 2 ) d( 2 ) d( 2 2 ).x x x x xe x xe e xe e− − − − −
= − + − = − −

 

0 π 2π
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G48a�  
2 2 2

2

2

1 1 1
cos ( ) cos ( ) cos ( )2 2 1

sin(2 ) 2sin( )cos( ) sin( )cos( ) sin( )cos( ) sin( ) tan( )
cos( )cos ( )

1
cos ( )2 1

sin(2 ) tan( ) tan( )

( )d d d d d d d

d d dtan( ) dln tan( ) ( ) ln tan( ) .

x x x
x x x x x x x x x

xx

x
x x x

f x x x x x x x x

x x x x F x x c

= = = = = =

= = = = ⇒ = +

 

G48b�
     

1 1
1 1 1

( )d d d d dln 1 ( ) ln(1 ) .
x

x x x
x x xe

e e e
f x x x x e e F x e c

−

− −

− − −

+ + +
= = = − = − + ⇒ = − + +  

G48c�  

( )
( ) ( )

3 2 2 2 2 3 2 2

3 2 2

3 2 2 3 2

1
2

1
2

( ) ( ) '( ) (3 2 ) ( ) 2

2 (3 2 ) (2 2 ) ( 2 ) .

'( ) ( ) 2 (3 2 ) (2 2 ) ( 2 ) 3 2

2 1
1 23 2 0

2 2 3
2 2

x x x

x

x x

F x ax bx cx d e F x ax bx c e ax bx cx d e

ax a b x b c x c d e

F x f x ax a b x b c x c d e x x e

a
a
a b
b c
c d

= + + + ⇒ = + + + + + + ⋅

= + + + + + + ⋅

= ⇒ + + + + + + ⋅ = − + ⋅

=
=

 ++ =
⇒ ⇒ + = −

+ =

31
3 2 22 3 3 34 1

31 1 2 84 4
2 2 4
3 3 3

84 4

0 2 1
( ) ( 1 ) .

1 2 3 2 1

2 2 2 2 1

xb b b
F x x x x e c

c c c

d d d



 = ⇒ = − ⇒ = −

⇒ = − − + +
− + = − ⇒ = − ⇒ = −


− + = ⇒ = ⇒ =

 

G48d� ( )

( ) ( )

( )

2

ln(sin( ))

cos ( )
sin( )1 1

sin( ) cos( ) sin( )

( )d d ln(sin( ))dtan( ) d ln(sin( )) tan( ) tan( )dln(sin( ))

d ln(sin( )) tan( ) tan( ) cos( )d d ln(sin( )) tan( ) cos( )d

d ln(sin( )) tan( ) ( ) ln

x

x
x

x x x

f x x x x x x x x x

x x x x x x x x x

x x x F x

= = = ⋅ −

= ⋅ − ⋅ = ⋅ − ⋅

= ⋅ − ⇒ = (sin( )) tan( ) .x x x c⋅ − +

 

G48e�    

    

     

   

      

2

2 2

2 2

2 2 2

2 2 2 2 21

2 1 1

2 2 2 21 1 1 1

1 1 1

( )d 1 d d 1 d 1 d 1 2 d d 1 d

d 1 d d 1 d d d 1 1 d darcsin( )

x

x x

x x

x x x

f x x x x x x x x x x x x x x x x

x x x x x x x x x x x x

−

− −

− − −

− − −

     
= − = ⋅ − − − = ⋅ − − ⋅ ⋅ − = ⋅ − −     

     
     

= ⋅ − − = ⋅ − − + = ⋅ − − − +     
     

2 2 2

2 2 2 21 1
2 2

2 21 1
2 2

.

Uit 1 d d 1 1 d darcsin( ) volgt nu:

2 1 d d 1 arcsin( ) 1 d d 1 arcsin( ) .

( ) 1 ( ) 1 arcsin( ) .

x x x x x x x

x x x x x x x x x x

f x x F x x x x c

 
− = ⋅ − − − + 

 
   

⋅ − = ⋅ − + ⇒ − = ⋅ − +   
   

= − ⇒ = ⋅ − + +

 

 

( )

      

2

2

1

( ) ( ) '( ) '( ) ( )
( ) ( )

21
cos ( )

( ) '( )             

( ) '( )
( ) '( )
( ) ( ) '( ) '( )
( ) ( ) '( ) ( ) ( ) '( )

sin( ) cos( )
cos( ) sin( )

tan( ) 1 tan (

n n

t x n x t x n x t x
n x n x
x x

x

f x f x

x nx
c g x c g x
g ax b a g ax b
g x h x g x h x
g x h x g x h x g x h x

e e
x x
x x

x

−

+

⋅ ⋅

+ ⋅ +

+ +

⋅ ⋅ + ⋅

⋅ ⋅

−

= +

 

  

  

2

2

2

1
1

1

1
1

1
1

)

arctan( )

arcsin( )

arccos( )

ln

x

x

x

x

x

x

x
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